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Abstract 

In the second author's study of deformation spaces of formal mod- 
ules, there arose a certain variety X, defined over a finite field, which 
was conjectured to have the property of "maximality" : the number of 
rational points of X is the largest possible among varieties with the 
same Betti numbers as X. In the current paper we prove this conjec- 
ture, and indeed give a complete description of the zeta function of X. 
As a consequence, the cohomology of X is shown to realize a piece of 
the local Langlands correspondence for certain wild Weil parameters 
of low conductor. 
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1 Introduction 



Let K he s, nonarchimedean local field with ring of integers Ok and 
residue field k, and let n > 1 be an integer. The local Langlands cor- 
respondence and the Jacquet-Langlands correspondence for GL„(K) 
are both realized in the cohomology of the Lubin-Tate tower M"" = 
^mA^J^, where is the rigid analytic space parameterizing defor- 
mations of a fixed one-dimensional formal Ox-^odule of height n over 
k together with a Drinfeld level m structure. (For the precise state- 
ment, see the introduction to [ HT01| .) At present, this fact can only 



be proved using global methods. A program initiated by the second 



author in [ WeilO| aims to obtain a purely local proof by constructing 
a sufficiently nice integral model of M'^ and computing H*{M'^,Q£) 
as the cohomology of the nearby cycles complex on the special fiber 
of this model. Here ^ is a fixed prime different from p := char A;. 



This idea has roots in the work of T. Yoshida | YoslO |, who found 
an open affinoid in Ad^ whose reduction turned out to be a certain 
Deligne-Lusztig variety for the group GL„ over k. Using this affinoid, 
Yoshida showed by purely local methods that the local Langlands cor- 
respondence for depth zero supercuspidal representations of GL„(i^) 



is realized in the cohomology of A^". In [WeilO|, the second author 
found an open affinoid in a space intermediate between and 
whose reduction, a nonsingular variety X defined over the degree n 
extension of k, is the focus of this article. (There it was assumed 
that K has positive characteristic, but the same results are expected 
to hold in the mixed characteristic case.) In that paper it was con- 
jectured (Conj. 1.6) that a piece of the zeta function of X takes a 
strikingly simple form (see Thm. |3.2| ). This conjecture implies that 
the cohomology of X realizes the local Langlands correspondence for a 
certain class of supercuspidals of GL„(i^) of positive depth (but with 



small conductor, see §2.2) 



In this article we give a complete description of the cohomology 
of X in all degrees, thus proving Conj. 1.6 of [ WeilOj . We list here 



some salient properties of the variety X and refer to Section |^ for more 
details. 

• Analogy with Deligne-Lusztig theory. The variety X admits an 
action of the group of rational points of a certain unipotent group 
U over a finite fieldQ Fq. In fact, X is the preimage under 



^With the earlier notation, if q is the cardinality of then Q = 



2 



the Lang map x i-^ Fvq{x)x~^ of a certain subvariety Y C U 
and U{Fq) acts on X by right multiphcation. (Here Frg is the 
Qth power Frobenius map.) One can give a simple characteriza- 
tion of the irreducible representations of U{Fq) which appear in 



H*{X,Q^i) (see Thm. 4.4). Each such irreducible representation 
appears with multiplicity one. In all these respects X is analo- 
gous to certain varieties that arise in the Deligne-Lusztig theory 



for reductive groups over finite fields (see, e.g., |Car85, §7.2]) 



Maximality. Let S be any scheme of finite type over a finite field 



Fq. It follows from [ Del80 |, Thm. 3.3.1, that for each i and every 
eigenvalue a of Frg acting on if*(S', Q^), there exists an integer 
m < i such that all complex conjugates of a have absolute value 
Qm/2_ ^j^g Grothendieck-Lefschetz trace formula 

#5(Fq) = ^(-l)Ur (Frg, Hl{S,Qi)) 

implies the following bound on the number of rational points of 
5: _ 

#S(Fq)< j;Q^/2dimi/:(5,Q,). 

This bound is achieved if and only if Frg acts on i/*(S', Q^) via 
the scalar (— 1)*(5*/^ for each i, in which case the scheme S is 
called maximal. (There are plenty of references in the literature 
to "maximal curves" over finite fields: these are smooth projec- 
tive curves which attain the Hasse-Weil bound on the number of 
rational points. As far as we know, our definition of maximality 
for arbitrary schemes over a finite field is new.) By Cor. |4.7| , X 
is a maximal variety over Fg. 

Manifestation of the local Langlands correspondence. In §3^ we 
explain how our main theorem (Thm. [4.4[ ) can be used to show 
that both the local Langlands and Jacquet-Langlands correspon- 
dences for a certain class of wild supercuspidals are realized in 
the cohomology of an open piece of the Lubin-Tate tower. See 
Thm. 3.6. 



1.1 Outline of the paper 



In §2T we give an overview of the local Langlands correspondence 
and the Jacquet-Langlands correspondence for GL(n) over a nonar- 
chimedean local field K. We will only consider the twist of 
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GLn{K) arising as the multiplicative group of the central division 
algebra D/K of invariant 1/n. On the one hand, the correspondence 
admits a geometric realization in the cohomology of the Lubin-Tate 
tower. On the other hand, for some Weil parameters it is known how 
to explicitly construct the corresponding representations of GL„(iC) 
and . This paper focuses on a certain class of irreducible Weil pa- 
rameters, defined in §2.2, which are wildly ramified, but have small 
conductor. The corresponding representations of GLn{K) and are 



constructed explicitly in and §2^. The representation oi is 
induced from an irreducible character of a certain subquotient of Z)^, 
whose p-primary part is a finite p-group U . 

It so happens that U is the group of F^n-points of a connected 
unipotent algebraic group, referred to in the paper as defined 
over the residue field Fg of K. This algebraic group is the starting 



point for the definition of the variety X, given in ^3.1| . X is a non 



singular affine variety endowed with a right action of U . The main 
theorem of the paper is a complete description of the £-adic cohomol- 
ogy of X as a module for both the action of U and for Frobenius. 
However, the theorem is much simpler to state in the so-called prim- 
itive case, which we announce in § |3.3| . An application of this case of 
the theorem is given in §^]^. We define an action on X by a subgroup 
of G\^n{K) X X Wk (which has C/ as a subquotient). Then we 
show that the representation of GL„(i^r) x x Wk induced from the 
middle cohomology of X realizes the local Langlands and Jacquet- 
Langlands correspondences for exactly the class of Weil parameters 
under consideration. 

In the general case of the main theorem (Thm. 4^) is an- 
nounced. It states that for every character ip of the center of U, there 
is a unique irreducible representation of U which lies over ip and 
which appears in the cohomology of X. Furthermore, each appears 
exactly once. Both the degree of the cohomology in which p^ appears 
and the action of Frobenius on it are made explicit in terms of ip. As 
a consequence it is shown that X is a maximal variety (Cor. 4.7). 

The remainder of the paper is devoted to the proof of the main 
theorem. In §|5| we establish some generalities regarding £-adic local 
systems on algebraic groups G defined over a finite field Fg. Of par- 
ticular importance is the Lang isogeny, cf. 5.5, which can be used to 
associate a local system £p to a Q^-valued representation p of G{Fq). 
When p is induced from a representation rj of H(Fq) for a connected 
subgroup H C G, we derive an important relationship (Prop. ^.16 ) 
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between £p and f"^. 

The final two sections of the paper specialize to the case of our 
group §|6| establishes some properties of the "reduced norm map" 

[/"''^ — )• Ga, which is a geometric version of the reduced norm map 
. The heart of the proof of the main theorem is in A 
step-by-step outline of the argument can be found in § [7.1| . 

Since the proof of Thm. 4.4 is somewhat long and complicated, 
let us summarize the key underlying ideas. First, X is defined as 
the preimage of a certain hyperplane Y C [/"''^ under the Lang map 
Lq : ^7"'" g ^ FTQ{g)-g-^, and the action ofU = C/"'''(Fq) 

on X comes from the right multiplication action of U on C/"''^. It is 
not hard to show that for every representation p oi U over Q^, the 
"/3-isotypic component" of -fr*(X, Q^) can be naturally identified with 
H'(Y,£p), where £p is the local system on f/"''^ associated to p (see 
Cor. |5.13| ). One then reduces the proof of Thm. iA to the calculation 
of H*(Y,£p) for certain representations p that can be induced from 
1-dimensional representations of groups of Fgn-points of connected 
subgroups of 17"'''='. Using Prop. 5.16 one identifies H'{Y,£p) with the 
cohomology of certain rank 1 local systems on affine spaces. Finally, 
the latter turn out to be amenable to an inductive calculation using 
certain linear fibrations of affine spaces A"^ — > A'^~^, the proper base 
change theorem (Thm. and the projection formula (Thm. 5.5). 



2 Non-abelian Lubin-Tate theory 

In this section we establish notation and recall basic facts concern- 
ing the local Langlands correspondence, the Jacquet-Langlands cor- 
respondence, and the geometric realization of both. We also define a 
class of wildly ramified irreducible Weil parameters on which we make 
both correspondences completely explicit. 



2.1 The local Langlands correspondence for 

GL(n) 

Recall that K is a nonarchimedean local field of residue characteristic 
P- 

Theorem 2.1 ( [[LRS93|| , jHenOq] , |HT01 | ] ) . There is a bijection a ^ 
-7r((T), vr I—)- (T(7r) (the local Langlands correspondence^ between the 
following two sets: 
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1. The set Qn{K)c of isomorphism classes of complex Frobenius- 
semisimple Weil-Deligne representations a of K ("Weil param- 
eters ") 

2. The set AniK)c of isomorphism classes of complex irreducible 
admissible representations vr o/GL„(/C). 

The bisection preserves L- and e-factors of pairs, and is compatible 
with local class field theory and twisting by one- dimensional charac- 
ters. Furthermore, a i— t- vr(cr) puts irreducible Weil representations 
into bisection with supercuspidal representations. 

Let a'^{TT) = cr(7r) {^-y^)- Then vr i— ?■ (T*(7r) is a different bijection 
-^n(-f^)c ~^ GniK)c which has the advantage of being invariant under 
automorphisms of the coefficient field. As a result, if ii^ — )• C is an 
isomorphism from any field onto C, then cr* induces a well-defined 
bijection An{K)E Qn{K)E which we also notate as vr i-^ a'^{7r). 

The local Langlands correspondence for irreducible Weil parame- 
ters is manifested geometrically in the cohomology of the Lubin-Tate 
tower. Indeed, this is how the existence of the correspondence for p- 



adic K is established in |HT01| . The Lubin-Tate tower M"" = l^mM!^ 
is the deformation space with level structure of a fixed one-dimensional 
formal Oi^-module S. Let D = End(S) that D/K is the 

central division algebra of invariant 1/n. Then admits an action 
of a subgroup H C GLn{K) x D"" x Wk "of index Z". Let Ui be the 
induction of HUM^-Me) from H up to GL„(K) x D"" x Wr- 



Theorem 2.2 ([ |Boy99| ], pT0Ti ). For a IT a supercuspidal representa- 



tion of GLn{K) with coefficients, there is an isomorphism ofi-adic 
representations of GLn{K) x Wk: 



vr (8) a'^{'K), i = n — 1 
0, 



This form of Thm. 2.2 is the one appearing in |Har02, Thm. 2.3]. 

The use of an intermediary geometric object to realize the local 
Langlands and Jacquet-Langlands correspondences may be called the 
"geometric construction". This approach has its origins in Deligne's 
1973 letter to Piatetski-Shapiro, and the subsequent paper of Carayol 



I Car83 1 . The geometric construction has succeeded in proving Thm. p.2| 
but the only known proofs involve realizing F as a completion of a 
global field and applying techniques of automorphic forms and Shimura 
varieties. 
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The geometric construction runs parallel to what might be called 
the "explicit construction," which begins with an irreducible Weil pa- 
rameter (J and attempts to construct its correspondent n{a) directly. 
The idea originates in work of Howe [ How77 |, who constructed a class 
of "tamely ramified supercuspidals" . The idea is to realize ^{a) as 
the induced representation (induction with compact supports) from a 
finite-dimensional representation p oi a compact-mod-center subgroup 
J C Ghn{K). The pairs {J, p) are constructed explicitly and a priori 
have nothing to do with geometry. Kutzko used these constructions 
to complete the proof of Thm. 2.1 for n = 2 in [Kut84|. No purely 
local proof of Thm. is known for any particular n > 3, although 
the papers [BH05a|, [BH05b| give partial results. 



2.2 The explicit construction of cr i—> 7r(cr) for 
certain wild parameters a of low conductor 

Following [ pH05a| , we run through the explicit construction of ir{cr) 
for an extremely simple sort of irreducible Weil parameter a : Wk — > 
GL„(C). We will make every imaginable simplifying assumption on a 
short of assuming that a is tamely ramified. These assumptions are: 

1 . (7 = Indi /K ^ is induced from a 1-dimensional character 9 of 

= , where L/K is an extension of degree n. 

2. L/K is unramified. 

3. If pL is the maximal ideal of the ring of integers of L, then 
e{l + pl) = 1 and 0(1 + Pl) / 1. 

4. The conductor of 9 cannot be lowered through twisting by a char- 
acter of the form x ° jV > where L' L is a proper subexten- 
sion and N^/i^i : — )■ (L')^ is the norm map. (This assumption 
assures that a is irreducible.) 

Choose an embedding L ^ Mn{K), and in doing so view L as a 
subfield of Mn{K). The induction Ind^^"^^^ ^ is not irreducible; to 
construct an irreducible representation of GL„(ir) it is necessary to 
extend to a character of a certain "thickening" J of L^. In a sense 
J will be the largest subgroup of GL„(Er) containing to which 9 
admits a natural extension. 

Assume that our embedding L ^ Mn{K) is such that Ol = 
Mn{OK)nL. Write MniOx) = Ol®C where C is the complement to 
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Ol under the natural trace pairing on MniOx)- Explicitly, if we iden- 
tify Mn{OK) with the algebra of endomorphisms of the Ox-uiodule 
Ol, then C = 0"r/ Ol(t\ where a generates Gal(L/i^). 

Let C GL„(Oii-) be the principal congruence subgroup of ma- 
trices congruent to 1 modulo p;^, and let J = L^U^ . Then there exists 
a unique character 9: J ^ having the properties that 9\lx = 
and 0(1 + PlC) = 1. 

Now let 

vre = Ind|;^"^^^ 6. 

Then ttq is an irreducible supercuspidal representation of GL„(i^). 
It is natural to ask whether vre is isomorphic to 7r((T). In fact this 
cannot be true in general. Under the local Langlands correspondence, 
the determinant detc: Wk — > C^, considered as a character of -ftT^ 
via local class field theory, must agree with the central character of 
7r(cr). The central character of ttq is 9\x_y-- But in our situation, a 
calculation shows that deto" = (6'|ii-x)(5, where 5: — > ±1 is the 
unramified character which takes the value (—1)""^ on a uniformizer 
of K. (This calculation follows from the fact that if L/ K is a finite 
extension, and y is a virtual representation of Wl of degree 0, then 

det (Ind V) = (det V) o transfer. 



see pel73i , §1.) 

Therefore when n is even, vrg and Tr{(j) cannot agree. The correct 
formula is 

7r(fT) = TTeAg, 

where is a character of L^, called a "rectifier". In this particular 
scenario is an unramified character which takes the value (—1)""^ 
on a uniformizer of L. If one or more of the simplifying assumptions 
(2), (3), (4) on a are lifted, there is still a recipe for constructing a 
supercuspidal representation vre, but the rectifier Ag becomes a much 
more subtle invariant. Certainly the formula for Ag demands explana- 
tion. It is our philosophy that the value of Ag can always be traced to 
the behavior of a Frobenius eigenvalue on a piece of the cohomology of 
a variety defined over the residue field of L. See the remark following 
Thm. W% 
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2.3 The explicit construction of the Jacquet- 
Langlands correspondent 

Let D/K be a central simple division algebra of dimension n? . Let 
O^) be the ring of integers oiD. In [ Pro95|| there is a description of the 



admissible dual oi running parallel to the description of the admis- 
sible dual of G\-in{K) given in | BK93[ |. The Jacquet-Langlands corre- 



spondence (originally constructed by Rogawski | Rog83| | ) is a bijection 



JL between irreducible essentially square-integrable representations vr 
of GL„(F) and irreducible smooth representations vr' = JL(7r) of L*^, 
satisfying 

tnT{g) = {-ir-HT7,'{g') 

for regular elliptic elements g S GL„(i^), g' £ with matching 
characteristic polynomials. 

It is not known in general how to write down the bijection JL 
in terms of the known parameterizations for the representations of 



GLn{K) and . Various cases have been worked out; see [ Hen93 | 



in the case of prime n ^ p, [BHOC] in the case n = p, |BH05c| in the 



case that n is a power of p, and [ BHll | for a general treatment of the 
"essentially tame" case. 

Now suppose a = Ind^, is a Weil parameter for K with the 
same simplifying assumptions (l)-(4) as in the previous section, and 
let IT = TTg. Assume that the invariant of D/K is 1/n. We now give 
an explicit construction of JL(7r). Along the way we will motivate 
the construction of the unipotent algebraic group which plays a 
central role in our investigation. 

Choose an embedding L ^ D so that Ol = Od H L. Then Od is 
generated over Ok hy Ol and a uniformizer w E Od which satisfies 
zu'^ £ Ok and zua = Fr(Q)tz7, where Pr € Gal{L/K) is the Probenius 
element. Once again we have a decomposition Od = Ol © C", where 
C = 0"=!^ Cl^* is the complement of Ol in Od under the (reduced) 
trace pairing. For i > 1, let C/|j = 1 + w^Od C O^ be the usual 
filtration by principal congruence subgroups. Let 6' be the unique 
character of U"^ which satisfies = 9 and 6'{1 + piC") = 1. Then 

9' factors through a character of U^/U^"^. 

Now U^/Ul-^^ is the center of the group U := which 

2 

is a unipotent group of order . Then U is the group consisting of 
truncated polynomials of the form l + aiT + - • • + anT", where a, € F^n, 
r""''^ = and ra = a'^r. Such a polynomial represents the image of 
the element 1 + Yl^=i o.i'cu^ G U]^, where Oj G Ol is any lift of Oj. 
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Let Z C U he the image of U"^, so that Z = Fqn is the center of 
U. Write ip for the character of Z induced by the restriction of 6 to 
U^. By assumption (4) on a, ip does not factor through any nontriv- 
ial trace map Z = Fqn Fg^i . There exists a unique irreducible 
representation of U with central character ■0; for its construc- 
tion, see Thm. iA. We remark in passing that dimp^ = 



The inflation of p^p to Uj-, can be extended to a representation rje of 
Jd = L^Ujj = L^O^ in a unique way such that: 

1. For a primitive root of unity C G of order — 1, we have 
tTr,e{O = {-ir-'0{O. 

2. The central character of r]g is 6\k>' - 

Then tTq = Indj^ tjq is an irreducible representation oi of dimen- 
sion 

Proposition 2.3. vr^ = JL(7r5i). 

Proof. We offer a sketch of a proof which closely follows that given for 



Theoreme 5.1 of [tlen93], which treats the case of n a prime other than 
the residue characteristic of K. Let vr = ttq, tt' = JL(7r). Since the 
Weil parameter a = (t{tt) is induced from a character of , it must 
be the case that a = a for every character x of Wk which factors 
through Gal(-L/i^). By compatibility of the local correspondences 
with twisting, vr' = vr' (g> (x o Nm) for all unramified characters x 
of which vanish on Ni^jxiL^)- (Here Nm is the reduced norm 
—7- .) This implies that vr' = ttqi for some character 9' of L^. 
We must now show that 0' equals one of the iC-conjugates of 0. 

This requires a comparison of the characters of tt and tt'. Recall 
that the field L is embedded in both Mn{K) and D. We say an element 
7 G is very regular if it belongs to and if its image modulo 
pE generates F^n/Fg. The images of such elements in GLji(i^) are 
automatically regular elliptic, so that the character of vr converges on 
them. The characters of vr and tt' can be readily calculated on very 
regular elements of using Mackey's theorem: 

SGGal(L/A') 

trvr'(7) = (-1)"-^ Yl 

geGal{L/K) 



(compare [Hen93|, §3.5 Proposition and §4.6 Theoreme, noting that 



the Artin conductor a of 9' is 2.) By definition of the Jacquet- 
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Langlands correspondence, tr7r(7) = (— tr 7r'(7). This is enough 
to show that 6 and 9' are in the same Gal(L/i^)-orbit, cf. the argu- 
ment in Hen93| ] , §5.3. □ 



3 The main theorem (primitive case) 
3.1 Definition of the variety X 

Here we construct a variety over a finite field which is the main focus 
of the paper. We begin by defining a unipotent algebraic group C/"'''^ 
over Fq for which the group [/"'"^(Fgn) is isomorphic to the group 
U = U]^/U^^ of the previous section. If A is any commutative F^- 
algebra, the group of A-points U'^''^{A) consists of expressions of the 
form 1 + oiT + • • • + anT^, where each aj € A and r is a formal 
symbol. These expressions are multiplied using distributivity and the 
rules r""*"^ = and t ■ a = a'^ ■ t for all a ^ A. 

Let Yo C f/"''' be defined by the equation a„ = 0, so that Yq — 
A^;^\ Write L^n : ^ for the Lang map g ^ Fiqn{g) ■ c/-i, 

where Fr^n is the g"-power Frobenius map. Put Xq = L~}{Yq). Let 
X = Xo 0Fg F^n and Y = Yo (8)f, F^n . Then U = U"'^'^ (F^n ) acts on X 
by right multiplication and the map X Y induced by Lqn makes X 
an etale C/"''^(Fgn)-torsor over Y. In particular, we obtain an action 
of [/"'^Fgn) on H'{X,Qi) := 0,^^ Q^). Injhe course of this 

paper we compute each cohomology group Q^) as a represen- 

tation of U together with the action Fr^n. We remark that X/Fqn is 
the (n — l)-dimensional hypersurface in the variables ai, . . . , a„ with 
equation 



faf 

det 



— ai — 0-2 O3 — 03 

1 al a 

Ola 



q" q" g" \ 

- ■ ■ ■ a„_i - an~i afi - a„ \ 



V 



<7 <7 

g2 q2 



n-1 



0. 



3.2 An open affinoid in the Lubin-Tate tower 

Here we summarize the main result of [ |Weiiq ]. Recall that we have 
the decomposition Mn{OK) = Ol © C, where C a free O^-module of 
rank n — 1 which is complementary to Ol C Mn{OK) under the trace 
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pairing. Let N C GLniOx) be the open subgroup N = l + p'j^+piC. 
Let ^AN = M.^/N, so that A^at is intermediate to the covering M.2 — > 

Theorem 3.1. Assume that K has positive characteristic. The rigid 
space M n contains an open affinoid 3 whose reduction 3 is isomorphic 



to the variety X of ^3.1. 



We remark here that the affinoid 3 is a neighborhood in at of 
a "canonical point" corresponding to a formal C'i<--module with 
End 'S^^^ = Ol, whose level structure is determined by a choice of iso- 
morphism Mn{OK) — Endo^ Ol compatible with our chosen embed- 
ding L ^ Mn{K). (We borrow the term "canonical" from | Gro86(| .) 



3.3 The main theorem, in the case of primitive 
central character 



In order to apply Thm. 3.1 towards a purely local proof of Thm. 2.2 in 
the positive characteristic case, one needs a description of the £-adic 
cohomology of X as a module both for the actions of U and for the 



g^-power Frobenius. This is done completely in Thm. |4.4 A special 



case, which is relevant to the discussion in f:2.3, is given here. 

Let U = [/"'^(Fqn), and let Z ^ F^n be the center of U. 

Call a character ip: Z ^ primitive if it does not factor through 
any nontrivial trace map F^n — )• Fgii . 

Theorem 3.2. Let ^ be a primitive character of Z . Then the ip- 
isotypic component of H'{X,Q^() is an irreducible representation 
of U which is supported in the middle degree n — 1 . Furthermore Frgn 
acts on H^'\X,Qf,) as the scalar (-l)'^-ig'^("-i)/2. 

Imprimitive characters of Z do not appear in H2~^{X, 



We remark that the factor q"'^^ ^•'/^ in the above theorem is related 



to the Tate twist appearing in Thm. 2^, and the sign (—1)" ^ explains 



the rectifier appearing in §2.2, These remarks will be explained 



fully in the following paragraphs. 

We also note that there is an action of a second group on X, 
namely the abelian group F^„/Fq . An element 7 € F^n/F^ sends 
X = 1 + xiT -|- • • • -|- x„,r" to 

n 

"7-^x7" = l + ^7«'-^Xir^ 
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(the quotation marks being necessary because 7 does not belong to the 
group U"^'^). We therefore have an action of the semidirect product 
U X Fg'^n/F^ on X. The representation of U on H^-'^{XMd[^] 
extends to a representation of f7 xi F^n/F^ , which we also call p^. 

Lemma 3.3. Let 7 € Fg„/F^ be an element such that ^ 1 for 

i = l,...,n-l. Then tr p^{-f) = (-1)""^ 

Proof. This is a computation with the Lefschetz fixed-point theorem. 
For z E Z, it is easy to see that (2,7) € C/ x F^n/F^ only has fixed 
points on X if z = 0, in which case it has q"' fixed points. Writing H* 
for the Euler characteristic of X with Q^-coefficients, we find 



g", z = 
0, z / 0. 



Since ip appears in T-L^ only in degree n — 1 , 
trp^(7) = (-l)"-itr(7|?^: 



^L j;V'(^r4r((z,7)|K-') 



\n-l 



as required. □ 



3.4 The relative Weil group 

We now explain how the main theorem applies to a purely local ap- 
proach to a geometric realization of the LLC. The idea is that the 



affinoid 3 of Thm. 3.1 makes a contribution to the cohomology of 



that exactly accounts for the supercuspidal representations vrg of the 



sort encountered in j |2.2 
Let 



recL: ^ 



be the isomorphism of local class field theory, normalized to send a 
uniformizer to geometric Frobenius. Recall the relative Weil group 
Wi/x- this is the quotient of Wk by the closure of [Wl,Wl]- The 
behavior of W^/x is discussed carefully in §1 of p?at79| . It sits in an 
exact sequence 



1 ^ Wf" Wl/k Gal{L/K) 1. (3.1) 
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Remark 3.4. Under the isomorphism 



H'\Gal{L/K),Wt) ^ H'\GsX{L / K) , V 



induced by rec^, the class of the extension in Eq. 3.1 in the group 
H'^{Gal{L/K),Wf;') is mapped to the inverse of the fundamental class 



in H'^{Ga\.{L/ K),L^); see |Tat79, §1.2]. This is a consequence of our 



choice of the normalization of the reciprocity map rec^. 

Let M <Z be the normalizer of ; then TV is another extension 
of Gal{L/K) hy . In fact, this extension represents the same class 
in H^{Ga\{L/K),L'') as Wl/k- 

Proposition 3.5. There is an isomorphism j : Wf^/x ~^ such that 

j{iecL{a)) = a 

for all a (z . 

Proof. In view of Remark it suffices to check that the cohomology 
class in H'^{Gal{L/ K), L^) of the extension 

l^L"" ^J\f ^Gal{L/K) — ^1 (3.2) 

is also equal to the inverse of the fundamental class. By definition, the 
fundamental class is the image of D under the standard isomorphism 
7 = 7^/^ : Br{L/K) ^ H^{Gal{L/K),L''), where Br{L/K) is 
the relative Brauer group of (isomorphism classes of) central division 
algebras over K that are split by L. 



The explicit construction of 7 given in [Milll, p. 132] yields a 2- 
cocycle of Gal{L/K) with coefficients in that represents ^{D). It 
is manifestly obvious that this 2-cocycle is the inverse of the 2-cocycle 



that represents the class of the extension (|3.2D . □ 



3.5 Manifestation of the correspondences in 
the cohomology of X 

Recall some notations from § |2.2| . We wrote MniOx) = Ol®C, where 
C is the complement to under the trace pairing. is the principal 
congruence subgroup of matrices congruent to 1 modulo p^. 

We identify Mn{K) with End^- L, so that there is an isomorphism 
of L-algebras Mn{K) = ®aeG:d{L/K)L(7. 
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Let 

be the surjective homomorphism which sends 1+I3wk /3 mod pL G 
F,n ^ Z, and which sends I+7 to 1 for 7 G pi^C. Let F = l+p^+piC 
be the kernel of eg- 

Recah that w (z D was a uniformizer with -cu" = tuk- Also recall 
that Ul) C 0]^ is the group of elements congruent to 1 modulo ro*. 
Finally we have U = U})/U^+^; let 

ED-.Uh^U 

be the quotient map. 

Let J° C GLn{K)xD'' be the subgroup ([/^ x?/^), where C 
GLn{K) X is embedded diagonally. There is a unique surjective 
homomorphism 

with the properties 

2. e{K'<) = 1 

3. For a € , e(a) is the image of a under F 

Then the kernel oi e \s K'^Ul{H x f7j^+^). 

Let j: Wl/k M C be the map of Prop. |]|. Also 

let i be the composite map 

Wk Wl/k Gal{L/K) ^ Auti^(L) = GL„(is:). 

Let J C GLn{K) X X W^/k be the subgroup generated by and 
the elements (i^w), j{w),w) for w £ Wk- Note that such elements 
normalize J'^, so that J" = ^7"° x Wk- We extend the map e to a map 

e: J ^{U X F^„/F^) X Z 

by the rules 

1. Let $ G PFft- be an element with j(^) = G . Then 

£(i($),j(^),$) = iez. 

2. For w G PVi with j(^) = a G O^, e(l, jX^i"); ^) is the image of 
a in Fg^„/Fg^. 
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In order for this to make sense, the generator 1 € Z acts on C/xF^„/Fq 
as the geometric Frobenius on each coordinate. 
We have a commutative diagram 



U X F^r, 



1 ^ K'^UliH X Ul+^) X Ik ■ 



■J- 



{U X F^VF 



Ik 



Wk 



In the middle row, Ik is embedded in J via w i— )• [j{w) 
{j{w) G for w^^Ik). 
Now let X/Fgr, 



be the variety from §3.1 



3.3, X 



As noted in 

has a natural right action by the group U x Fg„/F^. Recall that 
X = Xq x-pq Fqn for a variety Xq/F^. Let Z act on X by letting 1 € Z 
act as Frg xl, where Fr^: Xq — )• Xq is the geometric Frobenius map. 
Then we have an action of {U x F^„/Fg ) x Z on X. 
The map e induces a left action of on H^~'^{X,i 

call 



which we 



Theorem 3.6. Let vr he an irreducible admissible representation of 
Gljn{K), let it' he an irreducible smooth representation of , and let 
a be a continuous irreducible representation ofWK, all with values in 
Q^. The following are equivalent: 



1. Horn J (vr 

2. vr' = JL(^), cr 



#1 



vr), and cr is an n-dimensional Weil param- 



eter satisfying the conditions (l)-(4) of § |^. ^ 

Should either condition hold, the Hom space in statement (1) has di- 
mension 1. 

Loosely speaking, this means that the representation of Ghn{K) x 
X Wk induced from 'H^~^ contains exactly those representations 
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of the form 7r(8) JL(7r) (8)cj*(7r) for those super cuspidal representations 
71 = 710 constructed in § |2.2| , each with multiphcity one. This state of 
affairs is entirely consistent with Thm. |2.2|. 



Proof. Aided by Thm. 3.2, we can give a complete description of 



as a module for the action of {U x Fg„/F^) x Z. Note that 
-^n-i|-^j irreducible {U xi F^n/F^ )-module, while 1 G Z car- 

ries 'K"'~'^{^\ onto for each character of Z. Furthermore, 

n G Z acts on 'H""-'^ as the scalar Write (5 for the char- 

acter n I— )■ (— of nZ. Then for each primitive character 
■0, the space = e"=o^'H"~MV'''1 

is an irreducible representation 
of {U X Fg„/F^) X Z only depending on the Gal(Fqn/F^)-orbit of 
if). We have that is induced from the representation (g) (5„ of 
{U X Fg^„/Fg^) X nZ. 

Let be the preimage of {U x F^„/Fg ) x nZ under e. Then 
J'^ is the subgroup of GL„(i^) x x Wk generated by j'^ and the 
elements (1, rec^^ tf, w), where w runs through PFj^. It is isomorphic 
to X Wl- 

is a normal subgroup of L^U^ x L^Uj-, x Wl- We claim that 
if A (g) /U (g) X is an irreducible representation of L^U^ x L^U}^ x Wl, 
then the following are equivalent: 

1 ' The restriction of A ® (g x to is isomorphic to the pullback 
of ® 5n through e: ^ {U x x nZ. 

2' There exists a character 6 of with 0{1 + tukP) = for 
all /3 G Oi, such that X = 9, fi = and x = ^^6»((1 — 



(The definitions of and Aq appear in §2^, and the definition of r]g 



appears in §2.3.) 

We now explain why the claim implies the theorem. Since is 
induced from p^®5n-, Condition 1 of the theorem is equivalent to the 
condition that 7[®7t' (^a\ji contains the representation of obtained 
by pulling back p^®5n through e, for some primitive character if^. But 
then 7:®7:' ®a\j\ contains some irreducible representation AC^/iC^x of 
L^U^ X L^U]^ X Wl which satisfies condition 1'. Applying the claim 
shows that there exists a character 6 such that X = 6, n = rjg, and 
X = 0Ae((l — n)/2). But then tt^tt' ®a is contained in the induction 
of 6i (g) rjg-i (g) 0Ae{{l - n)/2) up to GL„(K) x x Wr, namely 
T^e^T^'g-i ®Indi//^ 6Ag{{l — n)/2), which is irreducible. Therefore tt = 
TTg, vr' = Tr'g_i = JL(7r), and a = cT*(7r) (according to the discussion 
of §p^.) As a bonus we find that the multiplicity of A (g ^ (g) x in 
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TT^Ti' ®a\ji must be 1, which imphes that Hom^(7r(8)'7r'(8)0"jj,?^"~^) 
is 1-dimensional. 

Conversely, suppose condition 2 of the theorem holds. Then vr = tt^ 
for a character 6 oi . Then vr is induced from 0, vr' is induced from 
r/g-i, and a is induced from 9/S.g{{l — n)/2). Therefore condition 2' 
holds for 6 (8) tjq-i CS) 9Ag{{l — n)/2). Now apply the claim to find that 
the restriction of 6®rjQ-i ®0Ae((l — n)/2) to is isomorphic to the 
pullback of (X) 5n through e. Therefore 

Homj7(7r (8) vr' (g) (7\j, e*V^) = Hom ji (vr ® vr' (g) (7\ji , e*{p^ (g (5„)) 

is nonzero, because vr (g vr' (g o" contains a copy of £*p^ (8) namely 
e0r]e-i ^eAe{{l-n)/2). 

We now turn to the proof of the claim. Assume condition 1' ob- 
tains. Then A|^i contains the character which is 1 + I3wk 
on Uj^ and trivial on H. Since normalizes this character of U^, 
A[^x must equal a character 9 oi L^U^, where is a character of 
for which 9{1 + /3zuk) = But then by definition we have X = 9. 

Now consider p. Since p\u^ contains the character 1 + /Stzj" i— > 
ip{/3), p\u}j must contain the pullback of p^ through ed- But since 
normalizes this pullback, and p is irreducible, we must have that plu^, 
actually equals the pullback of p^. Therefore there exists a character 
9' of with 9'{l + = and p = rjg,. We claim 9' = 6*"^ 

Since e is trivial on K^Uj^ C J^^, it follows that 9 and 9' are inverse 
to one another on K^Uj^. Now let 7 G be a primitive root of unity 
of order — 1. Since {9 (g> i]e')\jo is isomorphic to the pullback of p^ 



through £, we have (using Lemma 3.3) 



= try^(e(7,7,l)) 

= 6'(7)trr?0'(7) 

= (-)"-i0(7)0'(7). 

Therefore 9' = 9~^. 

We turn now to x- For € , the element (a""*^, 1, rec a) acts 
on A (8) ^ (8) X as the scalar 9{a)~^xi'^)- But the image of this element 
under e is € Z, where d is the valuation of a in . Since A 8) /i (8 X 
is the pullback of Pi(, ^ 5n, we must have 

9{ar'x{a) = Snind) = {{-l)-~^q-(-~m)d ^ ^^((^ _ n)/2){a). 
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Therefore x = ^^^((l ~ and condition 2' holds. 

Now assume condition 2' of the claim. The representation r = 
^(8)%-i (8)6IAe((l-n)/2)|^i is visibly trivial on K''Ul{H x U'j^^^), as 
well as on the subgroup Ik C J"^ embedded via w {j{w)~^, l,w). 
These groups generated the kernel of e: ^ {U X F^„/Fq ) x nZ. 
Therefore r is pulled back from an irreducible representation, call it r, 
of {U XI Fg„/F^ ) X nZ. The restriction of r to Z is a sum of copies of 
For 7 a generator of F^„, the trace of r(7) equals —1 by a calculation 
similar to the above. Finally, the element n G nZ acts through the 
scalar (— These facts are enough to show that r is 
isomorphic to ^n. □ 



4 The main theorem (general case) 
4.1 General notation 

We keep the notation defined in the introduction. Thus p is a prime 
number, g is a power of p and n > 1 is an integer. We also choose a 
prime i ^ p- We fix an algebraic closure of the field of £-adic 
numbers and an algebraically closed field F of characteristic p. For 
any integer s > 1 we write Fps for the unique subfield of F consisting 
of elements. Finally, we put Q = q^. 

By a variety (respectively, an algebraic group) we mean a geomet- 
rically reduced scheme (respectively, group scheme) of finite type over 
a field. 

Suppose X is a variety over F^, and write pr : X — > SpecFg for 
the structure morphism. We put i7*(X, Q^) = i?*pri(Q£), which is 
viewed as an £-adic sheaf over Spec F^ — in other words, a finite di- 
mensional Q^-vector space with an action of the geometric Probenius, 
which we will denote by Pr^. We remark that the Tate twist Q^(l) 
corresponds to the vector space on which Fr^ acts as . Similarly, 
we write Hl{X,F) in place of i?*pr|(J^) for any (constructible) £-adic 
sheaf T on X. 

By an abuse of notation, we also use the symbol Fr^ in a different 
context. Namely, if X is a variety over F^, we write Fr^ : X — > X for 
the absolute Frobenius morphism (the identity map on the underlying 
topological space and the map / i— )■ on the structure sheaf). Fur- 
thermore, given an integer m > 1, we will write Fr^ : X ®Fq Fgm — y 
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X^Fq Fgm for the morphism obtained from Fr^ by extension of scalars. 
We remark that with this notation, we have Fr^m = Fr™ on XiSip^F^m. 

In each situation where the symbol Fr^ is used, it will be clear from 
the context how it must be interpreted, so no confusion should arise. 



4.2 Additive characters of Fq 

Throughout these notes, by a character of a group T we mean a ho- 
momorphism T — > . Given a character t/j : Fq — > (recall 
that Q = g"), there exists a unique integer 1 < m < n (which divides 
n) such that ip factors through the trace map Trp^/p_^„ : Fq — > F^m 
and does not factor through the trace map Fq — > F^k for any 
1 < k < m (cf. §5.4| ). We call q"^ the conductor of Tp. Note that 
since the trace maps for extensions of finite fields are surjective, we 
can write tp = tpio Trp^/p_^„ for a unique character ipi : F^m — }■ . 



4.3 Preliminaries for the main theorem 



We recall that in §3.1 we defined a unipotent group U"'''^ over F„ and a 



variety X over Fq = Fqn together with a right action of [/"'''(Fq) on 



X. In Theorem 4.4 we compute each cohomology group -ff*(X, Q^) as 
a representation of [/"'''(Fq) together with the action of the Probenius 
FrQ on it. First we make some remarks and introduce some additional 
notation. 

Remark 4.1. If Z C [/">'? consists of expressions of the form 1 + anT^, 
then Z is the center of [/"''' and Z{Fq) is the center of [/"'''(Fq). 
We have Z = Ga, and we often tacitly identify the two groups. In 
particular, every irreducible representation of [/"'''(Fq) over has a 
central character Fq — > . 

Remark 4.2. As in the introduction, let K he a local nonarchimedean 
field with residue field Fq, let L be the unique unramified extension 
of K of degree n and write Pr G Gal(L/i^) for the corresponding 
Frobenius. Consider the twisted polynomial ring where the 

relation is w ■ x = Pr(x) • w for all x € L. Choose a uniformizer tt G K 
and let D denote the quotient of L{zu) by the relation tu" = vr. Then 
D is a central division algebra over K of invariant 1/n, and tu is a 
uniformizer in D. Recall also that we denote by Oz) C -D the ring of 
integers and by {[/)) = 1 + zu'''OD}i>i the usual filtration of by 
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principal congruence subgroups. As mentioned in §3.1, the quotient 
group Ujj/U'^^ can be naturally identified with C/"'''(Fq). 

The reduced norm homomorphism — > induces a map 

Uh/Up-' = (1 + + zn"+iOB) ^ (1 + 7rOK)/{l + tt^Ok). 

The right hand side is naturally isomorphic to the additive group of 
Fq, SO we obtain a group homomorphism Nm"''' : [/"'''(Fq) — > Fq. It 
is independent of the choice of K by Lemma By a slight abuse of 
terminology, we will also refer to this homomorphism as the reduced 
norm map. 

This map plays the following role in the study of representations 
of C/"'5(Fq). The restriction of Nm"''? to Z{Fq) = Fq is equal to the 
trace map Trp^/p_^. In particular, given a character tp : Z{Fq) — > 
with conductor q, we obtain a preferred extension of to a character 
of [/"'^IFq). Namely, if V = V'l o Tv^q/f,, where Vi : F, ^ Q^, 

then ipi o Nm"'"? : C/"'''(Fq) — > extends V- 

Remark 4.3. Suppose that n = m ■ ni, where m,ni G N, and put 
Qi = <f^, so that q^^ = Q = Q^- We can consider the unipotent group 
jjni,qi Q^gj, Yq-^. To avoid confusion, let us temporarily denote its 
elements by 1 + 6iti + • • • + 6niT"^. We can naturally embed [/"I'^i 
as a subgroup of U^''^ Fq^ via the map 

1 + bm + h2Tl + ■■■ + bn,T^' ^ 1 + biT^^ + 62t2™ + ■ ■ ■ + 6„,r". 

From now on we identify f7"i'5i with its image under this embedding. 
In particular, we view U"'^''^^ (Fq) as the subgroup of U^''^(Fq) con- 
sisting of all elements of the form 1 + X^^ij ajT^ , where each aj € Fq. 

4.4 Statement of the main theorem 

Theorem 4.4. Fix an arbitrary character Tp : Fq — > . 

(a) There is a unique {up to isomorphism) irreducible representation 
Ptp of [/"''(Fq) with central character tp that occurs in 

Moreover, the multiplicity of in H*[X,Q^() as a representation 
o/[/'^-9(Fq) is equal to 1. 
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(6) Let ip have conductor q"^, so that n = mni for some rii € N. 
Then occurs in H^~^^'^~'^{X,Qf ), and Ftq acts on it via the 

scalar • qn(n+ni-2)/2 _ 

(c) The representation can be constructed as follows. Write ip = 
■ipi o Tip^/p^^ for a unique character ipi : Fq^ — > , where 
Qi = q"^ as in Remark U.3l. Put 



j<n/2 n/2<j<n 

a connected subgroup. The projection '■ Hm — ^ [/"i-^i ob- 
tained by discarding all summands ajT^ with m \ j (cf. Remark 
1^. j| ) is a group homomorphism, and ip := ipi ° Nm"^'"^^ oum is 
a character of H^niFq) that extends ip : Z{Fq) — > (see 
Remark \4-3( ) . With this notation: 

• if m is odd or ni is even, then p^ = Ind^ (Fq) (V')/ 

• if m is even and ni is odd, then Ind^ ^q) ^'^) isomor- 
phic to a direct sum of g"/^ copies of p^. Moreover, in 
this case, if Tm C (Fg) is the subgroup consisting of 
all elements of the form h + £1^/2''""^^; where h € Hm^Fq) 
and a„/2 ^ ^^,1/2, then ip can be extended to a character 
of Tm, and if x '■ Tm — > is any such extension, then 



,,.^In47"'»>(x). 
The proof of this result is given in Section ^. 



Examples 4.5. In order to clarify the construction of Theorem 4.4(c), 
let us consider two special cases. Assume first that m = 1 and ni = 
n. This means that we can write ip = ipi o Trp^/p^^ for a (unique) 

character ipi : Fq — > Q^. In this case Hi = JJ"^^'^^ = U^''^ and 
p^ = ip = ipi o Nm"''' is 1-dimensional. 

Next consider the case where m = n and ni = 1. Thus -0 • 
Z{Fq) = Fq — > is a character that does not factor through the 
trace map Trp^/p j. for 1 < A; < n. In this case [7"i''Si = Z and 
Hn C [/"■''? consists of all elements of the form /i = 1 + Y2j>n/2^j'^'' ■ 
The character ip : HniFq) — y is given by ip{h) = ipiun)- 
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If n is odd, then = Ind^ ^ (ip)- If n is even, then we need 
to consider the subg roup C (Fq) consisting of elements of the 
form 7=1 + Y^j>n/2^3^^ ^ where a„/2 G Fgn/2 and aj G Fq for all 
j > n/2. Then extends to a character x : Tn — ^ (if 9 odd, we 



,2 



can take x(7) = i>{o.n 2^); if 9 is even, an extension x also exists, 

, and we have = Indp^ (x)- 

If m = n, then whether n is even or odd, one can show that p^ is 
the unique (up to isomorphism) irreducible representation of (Fg) 
with central character ip. 

Corollary 4.6 (Cohomology of X). We have Hl{X,Qi) = unless 
i = n + ni — 2 for some 1 < ni < n such that ni \ n. In the latter case 
YiQ acts on HJ}+''^-^ {X ,Qe) via the scalar • qn{n+m-2)/2^ 

and we have 

dimH^+'''-\X,qe) = ^'^('^-"1^/2 . ^^(d)^'"/^^ (4.1) 

d\m 

where n = ui ■ m and fi is the Mobius function. 

Proof. All the assertions save ( [4.lD follow from parts (a) and (b) of 



Theorem 4.4. To prove ( [4.1[ ) we first observe that the number of 
characters ip : Fq — > with conductor is the same as the 
number of elements in F^m that do not belong to F^k for any 1 < 
k < m (cf. § ^.4[ ). That number is fJ'{d)q"^^'^. It remains to 

calculate dim/?^ for any such ip. To this end, we note that the index 
of [/"I'-'^Fq) in C/"''?(Fq) is given by (C/"''?(Fq) : [/"I'^i (Fq)) = 
Qn-ni _ qn(n-ni) jg induced from a character of a subgroup 

of C/"'«(Fq) of index ([/"'^(Fq) : [/"I'^i (Fq)) Thus dimp^ = 
qn{n-ni)/2 ^ and in view of the multiplicity 1 assertion of Theorem 



44|(a), formula ([OD follows. □ 



Corollary 4.7 (Maximality). In the setup above X is a maximal 
variety over Fq in the sense defined in the introduction. 



Proof By Cor. gj, for any i G Z such that Hl{X, Q/,) / 0, the Frobe- 
nius FrQ acts on Hl{X,Qi) via the scalar (—1)* • Q*^^, whence the 
claim. □ 
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Remark 4.8. The restriction of the Lang map Lq to X reahzes X 
as a finite etale cover of the subvariety {1 + air + • • • + Cnr" | = 
0} C U^''^ (^Yq Fq, which is isomorphic to A""^. Hence all connected 
components of X ®Yq Fq are irreducible and smooth of dimension 



n — 1. By Corollary 4.6, the top compactly supported cohomology 
Hc^"'^{X, Q^) has dimension q and Frg acts on it via the scalar Q^~^. 
This implies that X has q connected components, which are geomet- 
rically irreducible and smooth of dimension n — 1. 



Let us give an explicit description of these components. In §6.1 
below we introduce a morphism N^'"^ : ?7"'9 — )• G^, which extends 
the reduced norm map Nm"''' in the sense that A^"'5 : (Fg) — > 
Fq has image in and is equal to Nm"^'''. By Proposition |6.2| , X 
can be described as the subvariety of [/"•'^ (g)p^ Fg defined by the 
equation N^''^{gY = N^''^{g). Hence the connected components of X 
are precisely the subvarieties given by N'^''^{g) = c as c ranges over 
the points of Fg C Gq. 



5 Some preliminaries 

5.1 Representations of finite groups 

Throughout this text by 'representation' we mean "representation of 
a finite group on a finite dimensional Q^-vector space." 



Lemma 5.1. Let T be a finite group, N CT a normal subgroup and 
X '■ N — > a character. Write C T for the stabilizer of x 
with respect to the conjugation action of T. If p is any irreducible 
representation of whose restriction to N is isomorphic to a direct 
sum of copies of Xj then Indpx p is irreducible. 

Proof. We verify the hypothesis of Mackey's irreducibility criterion. 
Choose 7 € r with 7 ^ F^. Write p'^ for the representation of 7r^7~^ 
given hy g ^ p{l~^9l)- Then C r^n7r^7~^, and since 7 does not 
normalize X) the assumption of the lemma implies that the restrictions 
of p and p^ to have no irreducible components in common. A 
fortiori, the restrictions of p and p'^ to r^n7r-^7~^ have no irreducible 
components in common. □ 



For the next lemma, see | BD06 , Prop. B.4] and its proof. 
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Lemma 5.2. Let H be a finite group, N C H a normal subgroup 
and X '■ ^ — ^ Qe o- character that is invariant under H -conjugation. 
Assume moreover that N contains the commutator subgroup (H, H) 
ofH. 

(a) The map H x H — > given by (/ii,/i2) ^ x(^i^2^r^^2 ^) 
descends to a bimultiplicative map By- : (H/N) x (H/N) — > . 

(b) LetK={xe H/N \ B^{x,y) = 1 V y e H/N] denote the kernel 
of By and write K' C H for the preimage of K in H . Then 
X extends to a character of K' , and given any such extension 
x' : K' — > , the induced representation Ind^/ x' is a direct 
sum of copies of an irreducible representation p^i of H . 

(c) Let L C H/N be maximal among all subgroups of H/N with the 
property that By\j^^j^= \, write L' C H for the preimage of L 

in H (so that K' C L' ), and let x/ '■ H' — > be as in part 
(b). Then xl extends to a character of L' , and given any such 
extension x' '■ L' — > , we have p^i = Ind^, x' ■ 

Remark 5.3. In the setting of the lemma, the order ^{H/K') of H/K' 
is necessarily a square, and any V d H as in part (c) has the property 
that #{L'/K') = #{H/K'y/^. 



5.2 £-adic cohomology 

Our conventions regarding ^-adic sheaves, cohomology and the sheaves- 



to- functions correspondence are the same as those of |Del77]. We call 
a "Q^-local system" what is called a "Q^-faisceau lisse" in op. cit. If 
X is a variety over Fg and J-" is a constructible Q^-sheaf on X, the 
function corresponding to T will be denoted by tjr : X{Fg) — > Q^. 

We write D^{X, Q^) for the bounded derived category of complexes 
of constructible Q^-sheaves on X. In fact, throughout this text we 
will only encounter complexes concentrated in a single cohomological 
degree. As usual, the square brackets [] denote cohomological shifts 
and the parentheses ( ) denote Tate twists. 

If / : X — > y is a morphism of varieties over Fq, we have the 
pullback functor /* : D^(y,Q^) — > D^(X,Q^) and the functo_i^of 
pushforward with compact supports Rf\ : D'^{X,Qf) — D^{Y,Qi). 
Both are compatible with the sheaves-to-functions correspondence in 
the natural sense. 
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Two results are used in many places in this article: the proper base 
change theorem and the projection formula. We recall their state- 
ments. 

Theorem 5.4 (Proper base change). If 




is a Cartesian diagram of varieties over Fq, there is a canonical iso- 
morphism of functors 



g* o (Rf) ^ Rfl o g'* : D',{X, Q,) D',{Y' , Q,). 

Theorem 5.5 (Projection formula). If f : X — J- Y is a morphism 
of varieties over Fg, then for M G D^{X,Qi) and N E D^^{Y,Q^), we 
have a natural isomorphism 

Rf\{{f*N)(^M) ^N^Rfi{M) inD^iYMi)- 
These theorems are standard (see, e.g., SGA4, SGA4i, SGA5). 

5.3 Multiplicative local systems 

Let G be an algebraic group over Fg. A rank 1 Q^-local system C 
on G is said to be multiplicative if fJ'*{C) = pr^(£) (8" pr2(/3), where 
fi : G X G — > G is the group operation and pr^^ , pr2 : G x G — > G are 
the two projections. In this case the corresponding trace-of-Frobenius 
function takes values in and is a character tc '■ G{Fq) — > . 

Lemma 5.6. If G is a connected commutative algebraic group over 
Fq, the map [C] ^ tc is a bijection between the set of isomorphism 
classes of multiplicative local systems on G and Hom(G(Fq), Q^) . 



This follows from Lemmas 1.10 and 1.11 in | BD06(| . 



Lemma 5.7. Let G be a connected algebraic group over Fq. If C is 
any nontrivial multiplicative local system on G, then IIl{G,C) = for 
all i G Z. 



For the proof, see |BoylC , Lem. 9.4]. 
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5.4 Multiplicative local systems on Ga 

Let us fix, once and for all, a nontrivial character iJjq : Fp — 
For each k e N, the map F^* — > Hom(Fpfc,Q^) taking a G F, 
to the homomorphism x Vo(Trp ^/-p^{ax)) is a group isomorphism, 
which is compatible with the action of the Frobenius Fr^ on both sides 
because Trp ^^/-^^{a^x) = Trp ^/p^{ax^^P) for all a,x € Fpk. 

Next, if A:, r E N are such that k \ r, then the diagram 



Fp-- ^ Hom(F, 



inclusion 



composition with Trp /p 



Fpk ^ Hom(Fpfc, 



kX n 



commutes, where the horizontal arrows are the identifications de- 
scribed in the previous paragraph. This justifies the definition of the 
conductor of a character Fq — > given in §^]^: indeed, given 
a G Fq, there exists a unique integer 1 < m < n such that a G F^m 
and a F k for any 1 <k < n; moreover, m \ n. 



For this subsection, let Ga denote the additive group over Spec F 



By Lemma 5.6, there exists a unique (up to isomorphism) multiplica- 
tive local system C^^ on wliosG tracG-of-Frob6iiiiis function is 6C[ua.l 
to : Fp — ^ . We can also consider the base change of to 
the algebraic closure Fp of Fp in F. For every x G Fp, let Cx denote 
the pullback of C^^ by the morphism y i— )• xy. Then Cx is a local 
system on Ga ^ Fp, and if x G Fpk for some integer k > 1, then Cx is 
also defined over F^fe. 

Lemma 5.8. For each integer k > 1, the map x i— )• Cx is an iso- 
morphism between Fpk and the grou]^ of {isomorphism classes of) 

multiplicative local systems on Ga Fpk ■ The character Fpk — )• 
corresponding to Cx is given by y ^ tpo{TrY ^/Fpixy)). 



This result follows from the previous remarks and Lemma . 

Our next goal is to compute the action of the ring of algebraic 
group endomorphisms Endp^(Ga (X" Fp) on the group of isomorphism 

classes of multiplicative local systems on ^ Fp. Let us nia,ke this 



^The group operation is given by the tensor product of local systems. 
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problem more precise. The last lemma yields a natural identification of 
this group with the additive group of Fp. For each / G Endp^ (Ga(8>Fp) 

and each x S Fp, the pullback f*{Cx) is another multiplicative local 
system on Ga (8) Fp, whence f*{Cx) = C,f*{x) for a unique element 
X € Fp, and /* : Fp — > Fp is an additive homomorphism. We would 
like to calculate the map f ^ f* explicitly. 

To this end, we observe that every element of Endp^(Ga ® Fp) 

can be written uniquely as ao + aiTp + • • • + a^Tp , where Oj € Fp 
and Tp : Ga — > Ga is the endomorphism x i— )• x^. Furthermore, 
the map f ^ f* \s an antihomomorphism, that is, it is additive and 
(/ ° 9)* = 9* ° f* ■ So it suffices to calculate /* when / is a scalar in 
Fp, and when f = Tp. The answer is provided by the following lemma. 

Lemma 5.9. If f & Endp (Ga ® Fp) is the endomorphism of multi- 
plication by some element ofFp, then f* = f. Moreover, t* = is 
the map x 1— )• x^^^. 

Proof. If z G Fp is such that f{x) = xz for all x, then f*{Cx) is the 
pullback of via the map y 1-^ zxy, which implies that f*{x) = 
zx, proving the first assertion of the lemma. On the other hand, if 
f{x) = x'^, then f*{Cx) is the pullback of C^^^ by the map y ^ x-y'P = 
{x^/P-y)P. Since is defined over Fp, it is invariant under pullback 
via y I—)- 2/^, which means that f*{Cx) is isomorphic to the pullback of 
>C^(, via y ^ x'^l^y. So f*{£x) — C^x^lvi which proves the lemma. □ 

Corollary 5.10. We have (oq + aiTp H h a^Tp)* = oq + a\^^Tp^ + 

, i/p*^ -d 



Remark 5.11. Suppose / is an endomorphism of G^ ® Fpk over Fpk. 
Then we can consider the endomorphism of Hom(Fpfe,Q^) given by 
^p h- )> ip ° f^ which induces an additive map /* : Fpfe — > Fpk us- 
ing the identification Fpk Hom(Fpfe,Q^) mentioned earlier. It is 
clear that in this setting we can also calculate /* using the formula of 



Corollary 5.10 



5.5 The Lang isogeny 

Let G be an algebraic group over Fq. The Lang isogeny for G is 
the map Lg : G — > G given by Lg{g) = Fvq{g) ■ g^^. We will only 
consider this map for connected G, in which case Lg is a surjective 
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finite etale map. Moreover, Lq then identifies G with the quotient 
of G by the right multiplication action of the finite discrete group 
G{Fq). We assume from now on that G is connected and view G as a 
right G(Fg)-torsor over itself by means of Lg, which we call the "Lang 
torsor." 

If /> is a representation of G{Fq) over Q^, we denote by £p the 
Q^-local system associated to the Lang torsor by means of p. For the 
definition of fp, see [ Pel77 , §§1.2 and 1.22 in Sommes Trig.]; note that 



£p is denoted by T{p) in loc. cit. 

Proposition 5.12. Let G{Fq) be a set of representatives of the iso- 
morphism classes of all irreducible representations ofG{Fq) overQ^. 
Then 

Lqme)= P^£p (5.1) 
peG(F7) 

as local systems with an action of G{Fq), where is the constant 
sheaf on G and the action of G{Fq) on the pushforward Lqi^Q^) = 
TqtX'Qe) comes from the right multiplication action ofG{Fq) on G. 



We remark that in formula ( ^.l] ), the action of GiFq) on each of 
the summands p® Ep comes only from the action of G(Fg) on p. 

Corollary 5.13. Let Y C G be an Fq-subvariety and put X = 
Lq^(Y). Then 

RomGiF,){p,HliXMe)) = Hl{Y,£p\y) (5.2) 

as vector spaces with an action o/Fr^, for any i € Z and any represen- 
tation p of GiFq) over Q^, where the action of GiFq) on Q^) 
comes from the right multiplication action of G{Fq) on X. 

Proof. We have Hi{XMi>) = Hi{Y,Lq^,(^^)\y) by the proper base 
change theorem. Both sides of (|5.2| ) are additive with respect to p, so 



it suffices to prove it when p is irreducible. In that case (5.2) follows 



from Q. □ 

Lemma 5.14. If G is a connected commutative algebraic group over 
Fq, then for every character x '■ G{Fq) — > , the corresponding 
local system £^ is multiplicative and its trace- of- Frobenius function 
tg^ is equal to x- 
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We also need to be able to calculate the trace-of-Frobenius function 
tgp more generally. The following result is proved in [ Del77 , §1.23 in 
Sommes Trig.]. 



Proposition 5.15. Given 7 G G{Fg), choose any g £ G(Fq) with 
l = L,{g). Theng-^-FT,{g) gG{F,) and te^{j) = tv{p{g-^ -Frgig))). 

Our final goal is to relate the construction p >—?■ £p with the oper- 
ation of induction of group representations. 

Proposition 5.16. Let G be a connected algebraic group over Fg, and 
let H C G be a connected algebraic subgroup. Let rj be a representation 
of H{Fq) over Q^, put p = Ind^^p' ^ rj, and write Sjj {respectively, £p) 

for the Qi-local system on H {respectively, on G) coming from the 
Lang isogeny for H {respectively, for G) via rj {respectively, via p), as 
above. 

Suppose that s : G/H — > G is a section^ of the quotient map 
G^G/H. Write 

pr2 : {G/H) xH — >H 
for the second projection, and define 

F : {G/H) xH — yG 

by 

F{x, h) = Frq{s{x)) ■ h ■ s(x)~^ 

Then 

£p^Fi{p4£^) = F,{pT*£^) (5.3) 
{observe that F is a finite morphism, so F\ = F^). 

Proof. As remarked earlier, the Lang map Lq{g) = FTq{g)g~^ identifies 
G with the quotient of G via the action of G{Fq) by right multiplica- 
tion. Hence we can consider the intermediate quotient G := G/H{Fq), 
and we obtain finite etale morphisms 

where a is the quotient map and the composition equals Lq. Now 
a makes G an i7(Fq)-torsor over G, so we can consider the Q^-local 

''if G is unipotent, such a section always exists. 
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system on G associated to a via ??. Let us denote this local system by 
£ri- One can easily check that 

^p^/3!(^^) = /3.(^^). (5.4) 

Now the map ipi : {G/H) x H — > G defined by (x, h) i— )■ s{x) • /i is an 
isomorphism. Moreover, ^pi is compatible with the action of H(Fq) 
by right multiplication. Since H/H(Fq) is identified with H via the 
Lang map Lg for H, we obtain a commutative diagram in which the 
bottom row is an isomorphism 



{G/H) xH ^G 

id xLq 

(G/H)xH ^ 



(5.5) 



Let (p2 ■ {G/H) X H ——^ G denote the bottom map in this diagram. 
Then for all (x, /i) € {G/H)xH, wehave f3oaoipi{x,h) = Lq{s{x)h) = 
Prg(s(x)) • Lg{h) ■ s{x)~^, which means that f3 o ip2 = F, where F : 
{G/H) X H — > G is defined as in the statement of the proposition. 
(Indeed, both sides of the last equality give the same result when 
composed with id xLq on the right, and id xLq is an epimorphism.) 



Next, looking at (|5.5| ), we see that under the isomorphism 932, 
the local system on G corresponds to the local system prg £r, on 
{G/H) X H. Finally, (0) implies that £p ^ F!(pr^£'^), completing 
the proof of the proposition. □ 



Corollary 5.17. In the situation of Proposition 5. It, we have 



, . ,G(Fg) , 



(5.6) 



where ind^'j-p'^^ denotes the induction map from conjugation-invariant 
functions on H(Fq) to conjugation-invariant functions on G{Fq). 

Remark 5.18. In general, t£ is not equal to the character of the rep- 
resentation p, so formula (^.6|) is not evident. On the other hand, 



by [Del77, Lem. 1.24 in Sommes trig.], ts^ is a conjugation- invariant 
function on H{Fq), so formula ( |5.6| ) makes sense. 
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Proof of Corollary 5.11. By the Grothendieck-Lefschetz trace formula 
and ( |5^) , 

te,{9)= Yl ^^vih) V5GG(F,). 

ix,h)eiG/H)(Fq)xH{Fq) 
F{x,h)=g 

Now if x G {G/H){Fq), then F{x,h) = s{x)hs{x)-'^ for ah h. More- 
over, since G and H are both connected, we obtain G(Fq)/ H(Fq) ^> 
{G/ H){Fg), so as x ranges over {G/ H)(Fq), we see that s{x) ranges 
over a set of representatives of the left cosets of H{Fq) in G{Fq). 
Recalling the definition of the map ind^^^p'^-j, we obtain ( |5.6| ). □ 

6 Properties of the reduced norm map 
6.1 Summary 

In this section we extend the reduced norm map Nm"'^ : [/"'^(Fq) — > 



Fq defined in Remark [4. 2| to a morphism of F^-varieties A^"''' : [/"■■'? — y 
Ga and establish some properties of A^"''^. 

To this end, let T be a formal indeterminate that commutes with 
all scalars, and given g = 1 + oit + • • • + anr" G U^''^, introduce the 
matrix B{T) = {hij{T)^ '^ whose entries are given by the following 
formula: 

hj{T) -- 



1 + a„ • T if i = j; 
a^V . . • r if i > j. 



"n+j-i 

We define N'^'^{g) G Ga to be the coefficient of T in the polynomial 
deti?(T). This determines a morphism of Fg-varieties N^''^ : [/"-'^ — y 

Ga. 

Lemma 6.1. If g £ [/"'^(Fq), then iV"'5(5) = Nm^'^ig) G F, C Fq. 

This lemma is proved in § |6.2| . 

Proposition 6.2. We have pr„(LQ(g)) = iV"'5(5)'? - iV"'''(5) for all 
g G 

This proposition is proved in §|6.3|. 
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Remark 6.3. The formula pr„(LQ(g()) = N^''^{g)'' — N^'''{g) together 
with the equahty A^"''?(l) = characterize the morphism N'^''^ : 
U'^''^ —7- Ga uniquely. Indeed, let A'^i : Ga be another morphism 

with the same properties. Then (N^-'^iig) - Ni{g))i = N'''i{g) ~ Ni{g) 
for all g G f/"''', so the morphism A^"'9 — A''i : — )• Ga takes values 
in the discrete subset Fg C Ga- Since U"'''^ is connected, A^"''? — A^;^ is 
constant, and since A^"'''(l) = = -/Vi(l) by assumption, we see that 
A^"'"? = Ni. 

Corollary 6.4. N'^'^gh) = iV"'«(c/) + iV"'«(/i) /or a// 5 G C/"'?, /i G 
[/"'^(Fq). 

Proof. Fix /i G ?7"'9(Fq). Then iQ^gh) = Lqig) for all g G 
whence 

by Proposition |6.2| . This means that the Fg-morphism [/"-''? (g)p^ 
Fq — Ga given by 5 H- N"-''^{gh) — N"-''^{g) takes values in the finite 
discrete subvariety Fg C G^. Since [/"■'^ is connected, this morphism 
is constant. Its value at 5 = 1 equals 7V"''?(/i) - ^^^'^(l) = N"-'i{h), 
which yields the corollary. □ 

Corollary 6.5. If g e ^/"'^(Fq) is such that pr„(LQ(5)) G Fq, then 

TrF^/F,(pr„(LQ(<7))) = iV"'^(FrQ(5)) - iV"-^(<7). 

Proof By Proposition pT^{LQ{g)) = iV"'5(c/)« - iV"'«(5), whence 

n-l 
1=0 

But ^'^{g)^ = ¥TQ{m''i{g)) = iV"''?(FrQ(5)), completing the proof. 

□ 



6.2 Proof of Lemma 

We use the notation of Remark |4.2| . Thus ii' is a local nonarchimedean 
field with residue field Fg and L is the unramified extension of K of 
degree n. We let D be the central division algebra over K of invariant 
1/n and choose the explicit presentation D = L{w) / {w'^ — vr), where 
vr G -ftT is a chosen uniformizer and w ■ x = Fr(x) • w for all x G L, 
with Fr G Gal(L/i^) being the Probenius (corresponding to the map 
a I— > a'' on the residue field extension). 
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The division algebra D splits over L. Explicitly, one such split- 
ting is given by the X- algebra homomorphism l : D ^ Mn{L) (where 
Mn{L) is the associative algebra of n-by-n matrices over L) that takes 
every a G L to the diagonal matrix with entries a, Fr(a), . . . , Fr^~^{a) 
on the diagonal and takes zu £ D to the matrix with I's on the super- 
diagonal, vr in the lower left corner and O's elsewhere. 

By definition, for any x £ D, the reduced norm of x is the deter- 
minant of the matrix (it automatically belongs to K). Now if 
ai, . . . ,an € L, then 

t(l + airo + 02^^ H h anw") = ^(vr), (6.1) 

where B{T) is the matrix defined before the statement of Lemma |6.1| . 

Now assume that aj € Ol for all j and write aj for the image 
of Uj in the residue field of L, which we identify with Fq. If g = 
1 + air H + a„r" G (Fq), then 

det B{T) = 1 + A^"'«(c/) • T + 0{T'^). 

Using (|6.l| ) and the definition of the reduced norm map Nm"''' given 



in Remark 4.2, we obtain N'^''^{g) = l^m"'''^{g), proving Lemma 3.L 



6.3 Proof of Proposition |t).2 



In principle, it is possible to prove Proposition 6.2 via a "brute force" 
calculation. However, the formulas one has to work with are quite 
complicated and the argument becomes difficult to follow. Therefore 
we prefer a roundabout approach, which is based on the following 
result, proved in § |6^ . 

Proposition 6.6. (a) There is a unique morphisni Ni : [/"'^ — y 
Ga of varieties over Fg such that A''i(l) = and PniLq^g)) = 
Ni{g)i - Ni{g) for all g G 

(b) Ifg£ U""'^ and h G [/"'^(Fq), then Ni{gh) = Ni{g) + Ni{h). 

(c) We have Ni{g) = Nrn'^'^g) for all g G ?7"'«(Fq). 

To prove Proposition |6.2| , we must show that if A^i is the morphism 
defined in Proposition |6.6| (a), then N^'-''^ = Ni. Consider g = 1 + 
Yl'j=i ^j'^'^ ^ U^'i and view N^''^{g) and Ni{g) as polynomial functions 
of ( Ol, . . . , On) with coefficients in Fq. Lemma |6.1| and Proposition 
|6.6| (c) imply that these two functions agree on Fg. Hence if we show 
that each of these polynomials has total degree < Q, the proof will be 
complete. 
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Now by inspecting the definition of N'^'^{g) via the determinant of 
the matrix B{T) given in ^6.1| , we see that the total degree of N'^''^{g) 
with respect to the variables oi, . . . , a„ is at most 1 + g + + • • • + 



On the other hand, putting x = X^j=i OjT-' and expanding g ^ = 
l—x+x^ — - • • , we find that the total degree of \>Y^{LQ{g)) with respect 
to the variables oi , . . . , a„ is at most Q + q-{l + q + q^ + -- -+ q"'~^) = 
q ■ 1 which implies that the total degree of Ni{g) with respect to 

the variables oi, . . . is at most < Q, completing the proof of 



Proposition S.2 



6.4 Proof of Proposition p.ii 



The uniqueness of A'^i follows from Remark O, while (b) follows for 



mally from (a) using the same argument as in the proof of Corollary 



6.4. It remains to prove the existence of A'^i as well as assertion (c) of 



the proposition. To that end, we use the following 

Lemma 6.7. Every element of U^''^ can be written uniquely as 

1 + air + aar^ + • • • + a„r" = (1 - hr) ■ (1 - 62^^) • . . . • (1 - fenT*^). 

The maps relating each of the n-tuples (cj) and (bj) to the other one 
are polynomial maps with coefficients in Fp. 

Proof. This is completely straightforward: first observe that bi must 
necessarily equal — oi. Then multiply both sides of the identity above 
by (1 + oit)"^ on the left, and observe that the left hand side takes 
the form 1 + 02''"^ + • • • + o^t"", where the a'j are certain polynomial 
functions of the a^'s. Proceed by induction. □ 



To prove the existence of A'^i using Lemma 6.7, we consider the 
following situation. Assume we are given an element of U"'''^ of the 
form 

g = {l- bkT^) ■ (1 - 6fc+iT'=+i) ..... (1 - 6„r"), 

where 1 < k < n. We would like to show that there exists a polynomial 
map Fk (depending only on k) such that pn{LQ{g)) = F^ibk, ■ ■ ■ , bnY — 
Fk{bk, ■ ■ ■,bn). 

To this end, we use descending induction on k. When k = n, 
we have g = 1 — bnT"', so LQ{g) = 1 + (6„ — 6^)r, and we can take 

2 n 1 

Fn{bn) = -{l + bl + bl +--- + bl ). 
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Now suppose that 1 < A; < n is arbitrary. We have 
LQ{g) = (1 - b^r') ..... (1 - b^T-) ■ (1 - bnT^-' •...•(!- b,r'r\ 
which can be rewritten as 

Lgig) = (1 - b^r') • ( 1 + ''iA ■ (l + ihr") + {b^r')' + ■■■). 
\ i=k+l ) 

Here each Cj is some polynomial function of the variables 6^+1) • • • ; ^n- 
Further, by induction, we may assume that 

Cn = Ffc_|_i(6fc+i, . . . , bnf — . . . , fen) 

for some polynomial function Ffc+i. 

Expanding out the product above and collecting only the terms of 
degree n with respect to r, we obtain the following expression: 

CnT^ + [(c„-fer"-'=)-(6fer^) + (c„_2fcr"-2'=).(6fcr'=)2 + ... 

- (fe^r'^) . [(cn-fcr"-'^) + (cn_2fcr-2*^) • {b^r'^) + . . . ' 

Thanks to our induction assumption, the term c„t" can be ignored 
for the purpose of the present proof. The remaining terms can be 
regrouped as follows: 

i>l 

It remains to observe that 

_ ( _ qk Q+qn-ifc+fc(i_,_qfc+...+gfc«-2fe)\ 
— \ Cn-ik ■ 0^ (^n-ik ' "k J''^ 

cn-ik-bl -<-ik-K J-^ ' 

and since 

Cn-ik-b). ~(^n-ik''^k = A — A 



„n—tk\^n—tk-\-k\ fc 

where A = Cn-ik ■ b\ , the induction step is com- 

plete. 
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Finally, define A^i : — > Ga by the formula 

Ni ((1 - hr) ■ (1 - b2T^) • . . . • (1 - 6„r")) = Fi . . . , 

From the proof above it is clear that A^i has all the desired properties. 
It remains to prove Proposition |6.6Kc). We use an observation due 



to V. Drinfeld. Consider the action of the multiplicative group Gm on 
f7"'9 given by (cf. §PD 



G„ 9 A : 5 = 1 + ^ ajT^ ^ XgX'^ := 1 + ^ X^^i' ajT^ (6.2) 
i=i i=i 

Lemma 6.8. The reduced norm map Nm"'''' : [/"■'^(Fq) — t- F^ is the 
unique group homomorphism which is invariant under the action of 
Fq on U^''^{Fq) coming from ( |6.2D and restricts to Tr-pg/Fg on the 
center Z{Fq) = Fq of U^''^(Fq). 

Proof. The fact that Nm"'*^ has all of the stated properties follows 



easily from its definition given in Remark [4.2| . To check the uniqueness 
assertion, let H C (Fq) be the subgroup generated by all elements 
of the form g'^ ■ (XgX^^) with g e C/"'«(Fq) and A G F^. It suffices 
to show that [/"''(Fq) = H ■ Z{Fq). 

Assume that this is not the case, and let 5 = 1 + 'Yl^=k ^ 
U'^''^{Fq) be an element that does not belong to H ■ Z{Fq), where 
A; > 1 is as large as possible. In particular, k < n. Hence there exists 
A G F^ with X^-i' / 1. Put b = -[^^ and gi = 1 + br''. Then 

• (A<7iA-i) = 1 + a^r'^ + 0{t>'+^), whence g = g^^ ■ {XgiX'^) ■ g' 
for some g' E [/"'''(Fq) such that g' = 0[t^^^). The maximality 
of k implies that g' ^ H ■ Z(Fq), which is a contradiction. □ 



To see that Lemma |6.8| implies Proposition |6.6| (c), we argue as 
follows. As a special case of Proposition ^^(b), which was already 
proved, we see that A^i : ?7"'^(Fq) ^ Fg is a group homomorphism. 
Hence it suffices to check that A'^i is invariant under the action ( |6.2[ ) 
and that iVi(l + ar") = TrF^/Fg(a) for aU a G Fq. 

Choose any 1 < j < n, pick x G Fq, and consider g = 1 — xr^ G 
[/"'«(Fq). We will check that NiiXgX'^) = Ni{g) for any A G F^, 
and, in addition, if j = n, then Ni{x) = — Trp^/p_^ (x). Since ( |6.2p is 
a group action, and since A^i : [/"''''(Fq) — > Fq is a homomorphism. 



it will follow from Lemma 6.7 that Ni : [/"■'''(Fq) — > Fq is invariant 



under the Fg-action coming from (|6.2| ) and the proof will be complete. 
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Now consider the restriction of A'^i to the subvariety of f/"'"? con- 
sisting of all points of the form 1 — br^ (this subvariety is isomorphic 
to A^). We can calculate this restriction explicitly as follows. We have 

Lq{1 - br^) = (1 - ■ [1 + (6r^) + (br^)^ + •••], 

so if j I n, we get A^i(l — br^) = 0, and if j \ n, we get 

PniLgil - br^)) = b^+1^W^+-+1-^ _ 

whence^ 

Ni{l - hT^) = -ip{b) - ifibf - ifiby' v{bf'\ 

where (p{b) := 6-^+'?^"* ^ . In particular, if j = n, we obtain ip{x) = 
X and A^i(l — xr") = — Trpg/p^(x). In addition, if j is arbitrary, then 

given A G F^, we have A(l - 6tJ)A-^ = 1 - brK So if j \ n, 
we get 7Vi(A(l - bT^)X-^) = = iVi(l - br^). If j \ n, then with 
the notation above, ip{X^~'^'' b) = X^~'^"(p{b) = ip{b), so we again have 
iVi(A(l - 6rJ)A-i) = Ni{l - br^), completing the proof. 



7 Proof of the main theorem 
7.1 Outline of the argument 

We begin by describing step-by-step the strategy that will lead to our 



proof of Theorem 4.4, Throughout this section we fix a character 
ip : Fq — > and let g™" be its conductor. We also write ni = n/m 
and qi = g™, and let ipi : F^^ — > be the character such that 
Tp = ^1 oTrF^/F,^. 

We denote by pr^ : — y Ga the projection onto the last factor: 

pr„(l + aiT H h fflnT") = an. 

If 11^ C is a subvariety, we also write pr^ for the restriction of 
pr„ to W. 



4 



Here we are implicitly using the fact that is connected to ensure that the expression 
we wrote down coincides with Ni{l — br^) for all h ^ A} . 
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step 1 

We first obtain some information about the irreducible representations 
of the group U'^''^(Fq). To this end, along with the closed connected 
subgroup 

Hm = {l+Yl «^-^'+ E «.^^} C C/"''^ 
j<n/2 n/2<j<n 
m\j 

defined in Theorem ^]J(c), we introduce two more: 



n,q 



and 



j<n/2 n/2<j<n 
m\j 



n/2<j<n 
m\j 

By construction, H~ C Hm C H^. The subgroup will play a role 
in the other steps of the proof as well. 

Remarks 7.1. (1) We have = Hm unless m is even and rii is odd, 
in which case Hm is a normal subgroup of of codimension 1. 

(2) If m = n, then = Hm- 



The following lemma is proved in §7.2. 

Lemma 7.2. // p is any irreducible representation of U"^''^(Fq) with 
central character if}, then the restriction of p to Hm^Pq) contains the 
1- dimensional representation ip o pr„ : H~(Fq) — > . 

Now consider the character^ tj; := Tpi o Nm"^'''^ oiy^ '■ HmiFg) . 

Remark 7.3. Recall that : HmiFq) — > [/"1'«i(Fq) is the map 
that discards all summands ajT^ with m \ j (cf. Remark ^^). Hence 

V^L-(FQ)=V'°Pr„. 



^The fact that the projection map Vm '■ Hm [/"I'^i is a group homomorphism is 
verified by a direct calculation, and since the restriction of Nm"^''^^ : [/"^'^^(Fq) — > F^^ 
to Z{Fq) is equal to Trpg/F, : Fg — > F^^, we see that ip is indeed a character that 
extends ip : Z{Yq) — > Q^"" . 
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Proposition 7.4. (a) Suppose m is odd or ni is even. Then 

is an irreducible representation of U'^''^{Fq). 

(b) Suppose m is even and ni is oc/cQ. Let C U^''^{Yq) be the 
subgroup defined in Theorem c ); in other words, 



n 

Tm = {7 = 1 + '^CLjT^ 7 e H^{Fq) and an/2 G Fg'Va}- 

Then ip can be extended to a character ofVm, and if x '■ '^m — > 
is any such extension, then := Indp (x) is an irre- 

ducible representation o/[/"'^(Fq), which is independent of the 

choice of X- Furthermore, Ind^ ^pjj {tp) is isomorphic to a di- 
rect sum of g"/^ copies of . 

In both cases, the restriction of p^ to H^{Fq) contains tp o pr„; in 
particular, p^ has central character ip. 

This proposition is proved in §[7.31. 



Step 2 

We consider Q^) = 0^^^ Q^) as a finite dimensional 

graded vector space over equipped with commuting actions of 
C/"'^(Fq) and Frg. In particular, given any representation (not nec- 
essarily irreducible) ^ of C/"''^(Fq), we obtain a graded vector space 
Hom[/n,g(F^) Q^)) with an action of Frg. 

Now consider the representation = Ind {ip o pr ). In 

view of Lemma |7.2| , is isomorphic to a direct sum of all irreducible 
representations of [/"'"^(Fq) that have central character ^, taken with 
certain multiplicities. 

Proposition 7.5. Hom[/n,<j(p^) (^^, Q^)) is concentrated in de- 
gree n + 71-1 — 2. It has dimension \ if m is odd or ni is even, and it 
has dimension cpl'^ if m is even and ni is odd. Frg acts on it via the 

scalar • „"(n+ni-2)/2_ 



This proposition is proved in §7.4 



^Equivalently, n is even and m does not divide n/2. 
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step 3 

The last ingredient is the following result, proved in 

Proposition 7.6. If Pip is the representation 0/ [/"''^(Fq) constructed 
in Proposition 1_J^, then Hom^n.g^p^) (p^, Q^)) 7^ 0. 



The finale 

Let us show that combining the three steps above, we obtain a proof of 



Theorem 4.4. Write for the irreducible representation of [/"•''(Fg) 



constructed in Proposition 1_A. Then H'{X,Qi) contains as a 



direct summand by Proposition 7^. Introduce the following multi- 
plicities: 

di = dimHom[/n,g(F^)(p^,F*(X,Q^)) > 1, 
d2 = dimHomf/n,q(F^)(p^,^^), 

Then ^2 is at least the multiplicity of p^ in Ind^ ^.p^^ (tp). Further- 
more, it is clear that d^ > di ■ d2, and equality holds if and only if 
p^ is the unique irreducible representation of (Fq) that appears 
both in H'[X,Q^() and in 



We now claim that d2 > d^. Indeed, combining Proposition 7.4 
with Proposition we see that 

/'t/'>Ind^„(FQ) (V') 

The last assertion of Remark implies that Ind^ j^p^'j {ip) is a direct 
summand of 1^^, whence d2> d^. 

Comparing the assertions of the last two paragraphs, we find that 
di = \ and di • ^2 = ^2 = ^3- In view of the first and third assertions 



of Proposition |7.5|, we see that all parts of Theorem 4.4 follow. 



7.2 Proof of Lemma |7T21 

Fix an irreducible representation p of [/"'"^(Fq) with central character 
ip. We must prove that the restriction of p to H~^(Fq) contains the 
1-dimensional representation ip o pr^ : H^(Fq) — Q^. For each 
integer k we write C/-'^ C for the subgroup consisting of elements 
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of the form 1 + Yl]^=k '^j'^'^ ■ ^^^^ show, using descending induction 
on k, that for any k the restriction of p to H^{FQ)nU-^{FQ) contains 
the character ip o pr„. This wih imply the lemma. 

If /c = n, there is nothing to prove. So we assume that k < n and 
that the assertion in the previous paragraph holds for A; + 1 in place of 
k. Further, we may assume that k > n/2 and m \ k, since otherwise 

h-{Fq) n u^HFq) = h-{Fq) n u^'^+HFq). 

By the induction hypothesis, the restriction of p to H~(Fq) n 
U-'^^^{Fq) contains V ° P^n- This implies that the restriction of 
p to H-{Fq) n U-^{Fq) contains some character x '■ H^{Fq) n 
U^''{Fq) such that 

xlH-(FQ)nc/>'=+i{FQ)= V' o Prn • 

The subgroup [/^""^(Fq) C J7'"'«(Fq) normalizes H-{FQ)nU^''{FQ) 
and centralizes H-{Fq) n U^''+^{Fq). It wih be enough to find an 
element g € f/^'"~*=(FQ) that conjugates x iiito the character ^/^ o pr„ 
onH-{FQ)nU^HFQ). 

To this end, observe that by construction, we can write 

k<j<n 
m\j 

for some character xi '■ — y Qi . Let g = 1 + an-kT^"'^ G 
C/-"~^(Fq), where an-fc S Fq will be chosen later. Then a direct 
calculation shows that 

x(5'-(l+ X] ajT^ +anT''^-g'^\ = Xi{ak)-i^[an+an-kal -akal^_f,). 

It remains to check that a„_fc € Fq can be chosen so that 

X\(x) = '4'{al^_kX - Qn-kx''" (7.1) 

for all X € Fq. As explained in § |5.4] , there exist (uniquely deter- 
mined) y,b e Fq such that Xii^) = 'ipo{TTp^/Fj,{yx)) and i{;{x) = 

V'o(TrF^/Fp(6x)) for all x € Fq, where tpo : Fp — > is the chosen 
nontrivial character. Then 

i^{al^k^ - an-kx'^" = 'il^o(^^^FQ/Fp{bal_f,x - ban-kx'^" '')^ 

= ^o(Trp,/p^«:r'.x.(6-6^^))), 
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where we used the identities a„ i, = a^_j^ and b'^ = 



(which hold because a^-k, b G Fq = Fgu) together with the fact that 
TrFQ/Fp(-z'" = TrFg/Fpl^:) for ah z € Fq. Since m ] k and ^/^ 

k 

has conductor q"^ by assumption, we have ^ b. So if we choose 

/ k \ fj'^ ^ . ^ 

o^n-fc = [y ' — b'^ )) , then ( |7. 1| ) is satisfied. □ 



7.3 Proof of Proposition |7T^ 

Write [/>"/2 c for the sub group consisting of elements of the 
form 1 + Y2n/2<j<n'^j'^'^ ■ This is a normal abelian subgroup of U^''^, 
which is contained in Hm- We first establish the following 

Lemma 7.7. The normalizer in [/"'''(Fg) of the character 

V^|^>„/,(Fq):C/>"/2(Fq)^C 
is equal to H^{Fq). 

Proof. First let us check that H^{Fq) does normalize iI)\jj~^„/2{Fq). 
If m is odd or ni is even, then = Hm, so there is nothing to 
do. Suppose that m is even and ni is odd. It is enough to show 
that any element of the form g = 1 + ^ ^"'''^{^q) normalizes 

V'|^>n/2(FQ)- But in fact, g centralizes [/>"'/^(Fq). 

Now, to obtain a contradiction, assume that there exists an element 
g G (Fq) such that g ^ H+{Fq) and g normalizes V'|^>„/2(Fq). 
Write g = 1 + X]j=i ^j"'""' ^ the smallest integer such that 

afc ^ and m \ k. Then k < n/2. Multiplying g by a suitable 
element of [/"^■''^(Fq) on the right, we may assume that aj = for all 
1 < j < k. Next consider the subgroup of [/^"/^(Fq) consisting of all 
elements of the form 1 + Cn-kT^~^ + Cnr". By assumption, we have 

V'(c„) = ■0(1 + c„_fer"-^ + c„r") 

= ^(g.(l + c„_fer"-'= + c„r").5-^) 

= + c„_fcT"~^ + (c„ + afccf_;^ - Cn-ka'f^y) 

= 'll){cn + akcl_i^- Cn-kO-l ) = 1p{an) ■ {akcl_f^ - Cn-kO-l )■ 



^n — k 



We see that ip{akc'^_i^ — Cn-kO-l ) = 1 for all Cn-k £ Fq. We claim 



that this is a contradiction. Indeed, as in §7.2, choose b G Fg with 
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'tp{x) = ■ipQ(Tr-pQ/Fp{bx)^ for all x G Fg. Then the computation from 
§ 7.2 shows that 

k 

and since b'^ ^ b and 7^ 0, the right hand side cannot be 1 for all 
Cn-k e Fq. □ 



We proceed with the proof of Proposition |7.4| . If m is odd or ni is 
even, then by Lemma the normalizer in C/"''^(Fq) of ^/'|^>„/2(Fq) 
is equal to HmiFq), so applying Lemma ^ to T = [/"'''^(Fq), = 

[/>"/2(Fq) and X = V'|t;>n/2(FQ) implies that Ind^^ (Fgf (V') is irre- 
ducible, proving part (a) of the proposition. 

Next assume that m is even and ni is odd. Let us apply Lemma 



5.2 to the group H = H^(Fq), the normal subgroup = Hmi^Q) 



of H and the character x = '4'- By Lemma 7.7, is invariant under 
ff+(FQ)-conjugation. The quotient H^{F q) / Hm{^ q) can be natu- 
rally identified with the additive group of Fq . To calculate the induced 
"commutator pairing" 

B^:{H+{Yq)/H^{Yq)) X {H+{¥q)/H^{¥q)) 

we observe that li g = \ + xr"/^ and h = 1 + yr"'/^ with x,y G Fq, 
then 

ghg-'h-' = l+{x-y''"''-y.x'^''^').T\ 
whence can be identified with the pairing 

Fq X Fq ^ {x,y) ^ ^(x • y""'' - y ■ x'^"'"). (7.2) 



Lemma 7.8. The pairing ( [7.2| ) is nondegenerate, and the additive 
subgroup Fg„/2 C Fq = F^n is maximal isotropic with respect to it. 



Proof. It is clear that Fg„/2 is isotropic with respect to ([7.21). If we 
show that ( |7.2| ) is nondegenerate, then the maximality will follow from 
the fact that #Fq„/2 = #Fq. To this end, as in §7^, choose b E Fq 
such that ip{x) = tpolTi-pQ/Fpibx)) for all x € Fq. Assume that 
y G Fq is such that ip(^x ■ y'^"''^ — y ■ x'^"^^) = 1 for all x G Fq. 
Then ipo^TvYQ/Fp{b ■ x ■ y'^"^^ - b''^'^ ■ y'^"'^ ■ x)^ = 1 for all x G Fq, 
where we used the identities 6'^ "^'^ = b'^"''^ , y'^ "'^^ = y'^"'^^ and the 
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ri/2 

fact that Tvp^/p^{z'^ ) = TrF^/F^(z) for all z € Fq. This forces 

ri/2 ri/2 

{h — W )-y'^ =0. Since il) has conductor and m does not divide 

ri/2 

n/2 by assumption, we have h ^h'^ , whence y = 0, as needed. □ 



Now we complete the proof of Proposition iMh). Note that the 
subgroup Tm equals the preimage of Fg„/2 C Fq = H:^{Yq) / Hm^Po) 

in H^{Fq). By Lemmas p.2| and 7.8 , Ind^'"^p'^|(V') is a direct sum of 



(7™/^ copies of a single irreducible representation p of //^(Fq). More- 
over, ip can be extended to a character of Fm, and if is any such 
extension, then p = Ind^™*'^'^'*(x)- We see that 

^^:=Indr^ ^'(x) = Ind^+(p 
is independent of the choice of X; and 

is isomorphic to a direct sum of g"/^ copies of p^, completing the 
proof. 

7.4 Proof of Proposition |7.b| 

For this subsection and the next one, all varieties and algebraic groups 
we will consider are assumed to be defined over Fq. Thus we simply 
write and [/"I'^i in place of Fq and Fq, 



respectively. As explained in Remark 4.3, we identify [/"I'^i with the 
subgroup of [/"-''J consisting of all elements of the form 1 + Y2m\j ^j'^'' ■ 

7.4.1 Preliminary considerations 

By Corollary 5.13| , we have 



Homf;n„(F^)(C^,i/'(X,Q,)) ^ H:{Y,£^J^) (7.3) 

as graded vector spaces with an action of FrQ, where Y = pr^^(O) C 
W^'i and is the Q^-local system on [/"''^ associated to the Lang 

torsor f/"'"? ^ C/"'? via 
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We will calculate using Proposition 5.16 . Observe that is 
a connected commutative algebraic group, so if ^i/)opr„ is the Q^-local 
system on coming from the Lang isogeny Lq : — > and 
the character if; o pr^ : H^{Fq) — > Q^, then by Lemma 5.14 , S^opr^ 



is also the unique multiplicative local system on corresponding to 



the character ij) o pr„ as in Lemma 5.6. In fact, 



"-"i/iopr^ — P-^n *-"(/'' 

where is the multiplicative local system on corresponding to 
7.4.2 Auxiliary notation 

Let I' denote the set of integers j such that n/2 < j < n and m\ j. 
Put I = I' L) {n} and J = {1, 2, . . . , n} \ /. Then we can write 

i<ai 

and we can identify f/"''^///" with an afhne space A'^ of dimension 



d:=#J 



"^"•^ — 1 if m is odd or ni is even, 
I "+'^1+1 — 1 if m is even and rii is odd. 

We will denote the coordinates of this affine space by {aj)j^j. 



7.4.3 A reformulation of Proposition |7.5 

The morphism 

is a section of the quotient map U^'i — > U^''^/H~. By Proposition 

S^^^EXWn^^), (7.4) 

where F : A'^ x — > C/"'"? is given by {x,h) i— >■ FiCQ{s{x))hs{x) ^ 
and pr„ : A'^ x — > Ga is the composition of the second projection 
A"^ X H~ — > H~ with pr„ : H~ — > Ga- By (^) and the proper 
base change theorem, 

H'{Y,£^X) ^ H:{F-HY),wlC^\p,,^y^). (7.5) 
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Now note that if /i = 1 + X^jg/ OiT* G and we put h° := 1 + 
Yjiei\{n} ^^^'^ any 51,5-2 G C^"''', we have Wnidihgi) = On + 
pr„(5i/i°52)- In particular, for any x G A*^, we have pr„(F(x,/i)) = 
a„ + pr„(F(x, . This implies that the map 

A"^ X ^ A'^ X (//„ny), (x,/i) ^ 

(which is the projection onto the first n — 1 coordinates) yields an 
isomorphism between F~^(Y) C A'^ x and A'^ x (i7~ CiY). Under 
this isomorphism, the local system pr*/3^|^_ij.y^ corresponds to the 

local system a*{C^) on A'^x (H^nY), where a: A'^x{H-nY) 



is given by a{x,h) = — pr„(FrQ(s(x))/is(x) ^). So in view of (7.3) 
and (|7.5|), Proposition |7.5| is equivalent to the following assertions: 



F;:(A'^ X (i7„nF),a*(£v')) = ifr/n + ni-2; (7.6) 

dimF;?+"i'2(A'=' X (//„ny),a*(/:^)) = 

if m is odd or ni is even, (7.7) 
if m is even and ni is odd; 

Frg acts on dimH^+'''-^{A'^ x {H;^r\Y),a* {C^)) 
as multiplication by the scalar (-l)"~"i • g"{«+«i-2)/2_ 

7.4.4 Additional notation 




(7.8) 



There are n — d — 1 integers j such that n > j > n/2 and m \ j. Let 
us label them as follows: j'l > J2 > ■ ■ ■ > jn-d-i- Thus / = {n} U 1°, 
where 1° = {ji,j2, ■ ■ ■ ,jn~d-i}, and J = {m,2m, . . . , (ni - l)m}U J°, 
where 



r 



{n — jl, . . . ,n — jn-d-i} if "I is odd or ni is even, 

{n — jl, . . . ,n — jn-d-i,n/2} if m is even and ni is odd. 



Prom now on we will identify A'^ x {H^^ fl Y) with the affine space 
A""^, whose coordinates will be denoted by {aj)j^juio. 

7.4.5 An inductive setup 

Por each 1 < /c < n - d, put = {jfe, jfc+i, • • • ,jn-d-i} and 
Jk = {m, 2m, . . . , (ni - l)m} U J^, 
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where 



Ju 



— jfc; • • • 5 — jn-d-i} if is odd or ni is even, 

{n — jk, ■ ■ ■ ,n — n/2} if m is even and rii is odd. 



In particular, 11 = 1°, J° = J°, = 0, J°_^ = if m is odd or 

ni is even, and J°„^ = {n/2} if m is even and ni is odd. Observe 
also that for each l<k<n — d — 1, the set (respectively, Jk+i) 
is obtained from (respectively, J^) by removing (respectively, 
n- jk )- 

We write A"^^'^^-'^ for the (n — 2A: + l)-dimensional affine space, 
whose coordinates will be denoted by (ajOjeJ^u/"- If 1 < A; < n — d—1, 
we write pk ■ A""^'^"''^ — > A"^^*"'^^ for the projection obtained by 
discarding Uj^ and cin-j^. , and z.^ : A"'^^'^^^ ^ ^n-2fe+i £qj. ^j^g natural 
"zero section" of pk- We put = a o o . . . o : A 



n-2fc+l 



where a : A" ^ = A'^ x (-?/„ fl Y) — y Ga is the morphism introduced 



in §7.4.3. In particular, we have ai = a. 



7.4.6 The key lemma 

The next result allows us to exploit the inductive setup formulated in 



7.4.5. 



Lemma 7.9. For each l<k<n — d — 1, we have 

H:{K-'^'^+\alC^) - H:{k--^'-\aU,C^)[-2]{-l) 
as graded vector spaces with an action o/Frg. 

Proof. Let A""^*^ be the affine space with coordinates (aj)jeJfeUi'°^-^- 
We factor pk : A"'^^^^^ — y ^n-2k-i ^j^^ composition pk = p'l op'^ 
of the natural projections 

^n-2fc+l Pfc^ A"^^'^ Pfc^ _^n-2A;-l 



and we factor ik : A" ^ — > A" "^^^"^ as the composition ik = LuOl[ 
of the natural inclusions 



^n-2fc-14^n-2fe4^n-2fc+l. 



The assertion of the lemma will follow if we prove that 

Rp^alC^) - 4,(a^+i/:^)[-2](-l). (7.9) 
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To this end, we will use the proper base change theorem together with 
the projection formula. We first observe that there exists a polynomial 
map /3fc : A"'"^*' — > Ga such that 



+ "fc+i((ai)jGJfe+iU7°+J (7.10) 
+ «n-ife • /3fc((aj)jeJfcU/° J- 



Indeed, recall that 



afc((ai)iGJfcU/°) 



jeJfc ie/° jGJfe 

The right hand side can be written as a certain sum of monomials in 
the variables (aj)jGJfeU/°- By our choice of the ordering ji > j2 > 
■ > Jn-d-i > n/2, only two of these monomials involve the variable 
aj^, namely, —a^_-^ ■ aj^ and aj^ ■ clI^Ij^,- This already implies that 
we can write 



o 

fc+1 



+ afe+i((aj)jej^,^^u/°^J 



for suitable polynomial maps 5^+1 : A"^^*^^-*^ ^ Ga and : A"'"^'^' — >■ 
Ga- Substituting a^,, = ffln-jj. = into the last identity shows that 
5fc+i = CKfc+i and yields ( 7.10| ). 



Next, write 7^ : A" — G^ for the morphism 



and define : A" "^^ — > Ga by 
(oj)iGJfeU/°+i I — ^ "A;+i((aj)ieJfe+iU/°+J +an-jfc • /3A:((aj)iGJfeU/°+J■ 



Then ( [7.10 ) can be rewritten as Ofc = '^k+5k°p'k- Since the local system 



on Ga is multiplicative, we obtain a^(£^) = 7^(£^) ® p'^5l.{C^). 
By the projection formula, 

= '^fcl^^) ^ RMil^i,)- (7.11) 
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To analyze Rp'^.^{'^^C^) , we use the proper base change theorem. The 
stalk of this complex over a point x = (aj)jeJftU/°^-^ S A"'~^'^(Fq) 
is isomorphic to the compactly supported cohomology on Ga of the 
pullback of via the map 



fa 



y 



q^k 



■ y 



■ y 



-Ok 



Using the notation of §5^, we have, by Corollary ^.IC , 



/ a„_,, (y) 



3k 



q^k 

• y 



q"/q"-3k l/qr^-Jk 



qik 
'''n-jk 



[y-y 



qn- 



So if a„_j^ 7^ 0, then /* _ , (y) can only be zero when y G F n- 



-ok 



Since m f {n — jk) by construction and the character ip has conductor 
g*", we see that fa„_. (jCtp) is trivial if and only if a 



n-jk 



0. 



Lemma |5.7| and the proper base change theorem imply that the 



n-2fc-l 



complex i?p^|(7^i2^) vanishes away from the image of : A' 
^n-2k^ On the other hand, a calculation similar to the one done in 
the previous paragraph shows that the restriction of ^IC^ to 

^5;ri(4(A"-2'=-i)) c A'^-^fc+i 



is trivial. Since p'^ (i^ 



1 n-2fc-l 



)) can be identified with the product 



t^(A" "^^ ^) X A^ in such a way that becomes the first projection, 
the proper base change theorem implies that 



M,(7fc>C^) = 4Q£[-2](-l), 



where 



stands for the constant sheaf on A' 



Finally, by construction, 5k ol'/^ = ak+i, which yields 



the proof of Lemma 7.9 



Therefore, by 



and finishes 
□ 



7.4.7 Conclusion of the proof of Proposition |7.5| 

We return to the task of proving ( |7.6D -( [7^ . Applying Lemma 7^ 
successively for k = 1,2, . . . ,n — d — 1, we obtain 

H'{A'^ X n Y), a*C^) = Hl{hJ'-^,a*C^ ' 



if-(A"-2("-^)+i, a:_,£^) [-2(n - d - l)]{-{n - d - 1)). 



(7.12) 
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Let us now calculate a*_^(>C^). Recall that the coordinates on the 
affine space j^"~2{«-rf)+i ^re labeled {aj)j^j^^_^, where 



Jn—d 

and 



{m, 2m, . . . , (ni — l)m} if m is odd or ni is even, 

{m, 2m, . . . , (rii — l)m, n/2} if m is even and ni is odd, 



a„_d((a,),-6j„_,) =-prJ(l+ a^V) ■ (l + ^ a,r^) 'Y 

So if m is odd or ni is even, we can naturally identify ^"■"2(n-c()+i 
with 

and a„_rf with the map 



Recall that Q = = ■ Applying Proposition with {n,q) re- 
placed by (ni,gi), wefindthat -pr„(LQ(5)) = iY"!.?! (5) -iV"i .91(5)91 
for all (7 € C/"i'9i. Since gi = (7™ is the conductor of ip, the pullback 
of by the map x 1-^ x — x'^^ is trivial. Therefore a'^_^{C^) is the 
trivial local system on A""^^""'^-*^^, whence 

F'(A"-2(n"<i)+i,«;_^/:^) ^Q^[_2(n-2(n-(i)+l)](-(n-2(n-d)+l)). 

Combining this with ( [7.12| ) yields 

H'{A'' X {H,-nY),a*C^) ^q,[-2d]{-d). 

Recalling that d = (n + ni — 2)/2 when m is odd or rii is even, we 
obtain all the desired assertions (|7.6|)-( |7^ in this case. 

Suppose next that m is even and ni is odd. Then we can naturally 
identify A"-2("~'^)+i with (C/"i'9i nY) x Ga, where the first factor 
ljn-i,gi Pi Y corresponds to the coordinates {aj)j=m,2m,...,(ni-i)m and 
the second factor Ga corresponds to the coordinate a„/2- Under this 
identification, On-d corresponds to the map 

{g,x) ^ -pr„(LQ(5)) - x'+''"'\ 
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As in the previous case, the pullback of by the map {g, x) i-)- 
— pr„(LQ((7)) is trivial. Since the local system is multiplicative, 
we see that ff* (A""^^""'^)"'"-^, a*_^£^) is isomorphic to 

H:{Ga, nC^)) [-2(n - 2(n - d))]{-{n - 2{n - d))), 
where / : ^ is given by x i-?' x''"^'^"^^ — x^^'^"^^ . So by ( [7.12| ), 

-//•(G„,r(£^))[-2(d-l)](-(d-l)) 

n/2 

Now we can factor / as / = /10/2, where fi{x) = x'^ —x and f2{x) = 
Thus f*{C^) = /l/iC^C^)- Since /i is a homomorphism, 
fi{C^) = C^ofi is the multiplicative local system on G^ corresponding 
to the character 4' ° fi '■ Fq — > Qi ■ Now since has conductor g*" 
and m\ (n/2) by assumption, "0 ° /i is nontrivial. On the other hand. 



(V' ° /i) F is necessarily trivial. Applying Proposition 7.10 below 
to g"/^ in place of q and ip o fi in place of '(/', we see that 

C n/2 [fr = l 

dimH^^{Gaj;C^of,) = r : (7.14) 

I U otherwise, 

and 

Frg acts on Hl{Ga, f2^^of,) via - g"/^ (7.15) 

Recalling that d= (n + ni — l)/2 in the situation under consideration, 
we see that all the desired assertions ( [7.6D -([f^) follow in this case 
from (|7l^ ), ( p^ and ([TIsI) . 



7.5 An auxiliary cohomology calculation 



The next result was used in S7.4 



Proposition 7.10. Let ip : F^2 — be a nontrivial character 
such that il) is trivial on Fq C Fg2, and let he the corresponding 
multiplicative local system on G^ over F^2 . Write f : G^ — > G^ for 
the map x 1-^ x"^"*"^ . Then 



q ifi = l, 
otherwise. 



^In the sense of Lemma t).6| 
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Moreover, the Frobenius FiCq2 acts on H}.{Ga-, f* C^) via multiplication 
by -q. 

Proof. Since x'^'^^ G Fq for all x G Fg2, we have the identity 

Hx'^') = <l\ (7.16) 

which is consistent with the assertion of the proposition in view of the 
Grothendieck-Lefschetz trace formula. We will deduce the proposition 
from ( 7.16 ). To this end, observe that if pr : Ga — > SpecF^2 denotes 
the structure morphism, then 

RY>^{rC^) = Rpr,{M*C^) ^ Rpr,{C^ ^ /.Q,), (7.17) 

where is the constant rank 1 local system on Ga and in the second 
isomorphism we used the projection formula. 

Lemma 7.11. One has 

q 

s=l 

for certain nontrivial multiplicative local systems ^\ , ^2 , ■ ■ ■ , on 
Gm over Fg2 , where j : Gm ^ Ga denotes the inclusion map. 

Before proving this lemma, let us explain why it implies the asser- 
tion of the proposition. By the lemma and ( [7.17 ), we have 

i?pr,(/*/:^) ^i?pr,(£^)e0i?pr,(/:^®j,^,). (7.18) 

s=l 

Now i?pri(/3^) = by Lemma By |Del77, Prop. 4.2 in Sommes 
Trig.], 

{1 if r = 1, 
otherwise, 

and if is the scalar by which Frq2 acts on H^{Ga,C^ ®j\-^s), then 
I As I = q. Applying the Grothendieck-Lefschetz trace formula to (7.18) 
yields 

E ^(x'^+') = -(Ai + --- + A,). 

xGF 2 

r 

Comparing this with ( [7. 161 ) and using the fact that |As| = q for all 
s, we see that As = —q for all s, which, in view of ( [7.18 ), yields the 
proposition. □ 
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Proof of Lemma [ZT1|. Since /"HO) = {0}, the stalk of fi{Qi^&t 
is 1-dimensional. Since / is a finite morphism, we have fiiQi) = 
f*{Qe)i and by adjunction, there is a natural map — > f*iQe) 
(coming from the natural isomorphism f*{Qi) ^> Qe), which induces 
an isomorphism on the stalks over 0. 

Next let us calculate the restriction of /!(Q^) to Gm C Ga- To this 
end, consider the restriction of / to a morphism Gm — > Gm- Since 
f'(x) = {q + l)x'^ = x'^, the map / : Gm — > Gm is etale, and in fact, it 
can be identified with the quotient of Gm by the finite discret^ sub- 
group /ig+i(Fg2) C Gm of {q + l)-st roots of unity. This means that 
the restriction fiiQi)]^ decomposes as a direct sum 0^=^ 
where the Sire the local systems coming from the nontrivial char- 
acters of /Ug+i(Fg2). 

In particular, for each s, we have a map ^ f\ {Qe)\(Q > which by 
adjunction induces a map j\^s — > f\{Qe)- Finally, combining these 
maps with the map — > f]{Qe) constructed in the first paragraph 
of the proof, we obtain a map 



0i!(^,)^/!( 



s=l 

By looking at the stalks, one sees that this map is an isomorphism. □ 

7.6 Proof of Proposition |7.t)| 

As in j |7.4| , all varieties and algebraic groups we will consider are as- 
sumed to be defined over Fq. We recall that ip : Hmi^q) — > is 
the character defined by = V'l ° Nm"^'"^^ ovm (see § [7.11 ). 

In view of the last statements of parts (a) and (b) of Proposi- 



tion the assertion of Proposition [7.6| is equivalent to the following 



claim: 

Hom^.,,(p^)(lnd^2Xf W'^'(^,Q^)) 0. 
Let E;^ be the local system on Hm coming from the Lang isogeny 
Lq : Hm Hm via ip. We simply write 8 for the local system on U^''^ 
coming from the Lang isogeny Lq : [/"'^ — ^ U'^'i via Ind^:^ ^-p^-^ (ip). 



^Observe that all the {q + l)-st roots of unity already lie in Fq2. 
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By Corollary 5.13, we have 



Hom,;„,,(FQ)(lnd;J2{FQf (^)'^'(^,Q£)) = H:{Y,£\y). 

So in order to show that the left hand side is nonzero, it suffices (by 
the Grothendieck-Lefschetz trace formula) to check that 

E *£(y)/o- (7-19) 



Now by Corollary 5.17 



To compute the right hand side of the last identity, we use 
Lemma 7.12. We hav^ te^ = o pr„ : HmiFq) — > . 

Proof. The projection Vm '■ Hm — > ^"i'<?i obtained by discarding 
all summands ajT^ with m f j is an algebraic group homomorphism 



(cf. Remark 4.3), whose kernel is equal to H^nY. Moreover, if we view 
?7"'i'''i as a subgroup of C/"''^ as explained earlier, then c H~ 

and I'm restricts to the identity on [/"-I'^i. So we obtain a semidirect 
product decomposition Hm = U"^''^^ x {H~ n Y). 



Now to calculate the function t^- : HmiFq) — > Qi we use 



Proposition 5.1E| . Fix 7 € HmiFq) and choose g G HmiFq) with 



Lqig) = 7. Write g = gi ■ h ioi uniquely determined gi € U"'^'''^iFq) 
and h e (i?" n Y)iFq). Then 

i^mig-^ ■ Frqig)) = Vmih'^ ■ g^^ ■ Fxqigi) ■ Frqih)) = g-^ ■ Frqigi) 

because Vm is an algebraic group homomorphism, so by Proposition 
5ll, 

%il) = i'ig-' ■ Frqig)) = M^t^""''"' iOi' ' Frqigi))). 

Now g^^ ■ FrQ(5i) G U^'^'^^iFq) and FrQ(5i) = g^ ■ (5^' • Fiqig^)). 
Applying Corollary |6.4| and Lemma |6.1| to the reduced norm map 
j^ni,qi . f/ni,gi — ^ we obtain 

Nm^^'^Hsr' • Fiqigi)) = iV"^'^HFrQ(<7i)) - N^^'^^igi) 

= TrFg/F,^(pr„(LQ(c,i))), 



9 



We point out that in general, ip tp o pr„ on _ff„j(FQ) and tp ° pr,i : HmiFq) 
is not a group homomorphism. 
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where in the last step we used Corollary |6.5| . Here we note that 
LQigi) € C/"1'5i(Fq) because Lgigi) = Umil). Now prjLQigi)) = 
pr^(7), so we finally obtain 

ts^il) = Vi(TrFQ/F,/pr„(LQ(gi)))) = V(prn(7)), 

which completes the proof of Lemma |7.12| . □ 

Let us now verify ( 7.191) . By ( 7.20 ) and Lemma 7.12 , 

so if {gi}iei are representatives of all the left cosets of HmiFq) in 
[/"'5(Fq), then 

E te{y) = J2 E Hpr:n{9-'y9^))■ (7.21) 

yeY(FQ) i&I yeY(¥Q)n(g,-Hrr.(¥Q)-g-^) 

We will show that the right hand side is a strictly positive integer. To 
this end, consider a new group operation on which we denote by 
ffl and define by 

n n n 

1 + ^ a,r^) ffl (l + E h^') = 1 + E(«i + ^^>'- 

j=i j=i j=i 

For any g € C/"''^, the map x i— )• gxg~^ is a homomorphism with 
respect to ffl (where we denote the old group operation on multi- 
plicatively, as usual), as is the map pr„ : U"^'^ — > G^. Hence for each 
i € /, the subset 

Y{Yq) n {g, ■ H^{Yq) ■ gr^) C [/"'^Fq) 

is a subgroup with respect to ffl, and the map y H- ip{piCn{g^^ygi)) is 
a character of this subgroup. Therefore the i-th summand, 

E V'(pr„(5j"^y5'i))> 
j/ey(FQ)n(s.-H„(Fg)-g-i) 

is equal to either or the order of Y{Fq) D {gi ■ HmiFq) ■ g^^), which is 
a positive integer. Finally note that there is an € / for which gi^ € 
HmiFq). Then the corresponding character y ^ ip{pic^{g^Jygig)) 
of Y{Fq) n {gi, ■ H^{Fq) ■ grj) = Y{Fq) n H^Fq) is equal to 
y I-)- V(pi'n(y)) = V'(O) = 1 because Y = pr^-'^(O). So the summand 
corresponding to i = «o in ( 7.21 ) is positive, which yields ( [7.191) . 
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